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Abstract. In this paper we study general quantum affinizations Vtq(s) of symmetrizable quantum Kac- 
Moody algebras and we develop their representation theory. We prove a triangular decomposition and we 
give a classication of (type 1) highest weight simple integrable representations analog to Drinfel'd-Chari- 
Pressley one. A generalization of the g-characters morphism, introduced by Frenkel-Reshetikhin for 
quantum affine algebras, appears to be a powerful tool for this investigation. For a large class of quantum 
affinizations (including quantum affine algebras and quantum toroidal algebras), the combinatorics of q- 
characters give a ring structure * on the Grothendieck group Rep(W ? (g)) of the integrable representations 
that we classified. We propose a new construction of tensor products in a larger category by using the 
Drinfel'd new coproduct (it can not directly be used for Rep(U q (g)) because it involves infinite sums). 
In particular we prove that * is a fusion product (a product of representations is a representation). 
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1. Introduction 

In this paper q £ C* is not a root of unity. 

V.G. Drinfel'd jDrlj and M. Jimbo |.Timj associated, independently, to any symmetrizable Kac-Moody 
algebra g and q G C* a Hopf algebra U q {g) called quantum Kac-Moody algebra. The structure of the 
Grothendieck ring of integrable representations is well understood : it is analogous to the classical case 
q = l. 

The quantum algebras of finite type U q {g) (g of finite type) have been intensively studied (see for example 
|CP4I El EE] and references therein). The quantum affine algebras U q {g) (g affine algebra) are also 
of particular interest : they have two realizations, the usual Drinfel'd- Jimbo realization and a new 
realization (see |Dr2MBej l as a quantum affinization of a quantum algebra of finite type U q (g). The finite 
dimensional representations of quantum affine algebras are the subject of intense research (see among 
others [AKl ICPTl IHP31 IHPl IEM1 IFRI IfH iNll tN2l IVV2^ and references therein). In particular they 
were classified by Chari-Pressley |CP3I ICP4] . and Frenkel-Reshetikhin jF.Rj introduced the g-characters 
morphism which is a powerful tool for the study of these representations (see also |Knl lFMjl. 

The quantum affinization process (that Drinfel'd [Dx2j described for constructing the second realization of 
a quantum affine algebra) can be extended to all symmetrizable quantum Kac-Moody algebras U q {g) (see 
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|.TinllNl| ). One obtains a new class of algebras called quantum affinizations : the quantum affinization of 
U q {o) is denoted by U q {o). The quantum affine algebras are the simplest examples and are very special 
because they are also quantum Kac-Moody algebras. When C is affine, the quantum affinization U q (g) 
is called a quantum toroidal algebra. It is known not to be a quantum Kac-Moody algebra but it is also 
of particular interest (see for example jGKVI IMT1 lM2l EH El E3 E3 ISTUl ITTjl IWT] and references 
therein). This setting is summed up in this picture : 




Quantum Affinization Process 



QFA 



QAA 




QA 

(QKMA : Quantum Kac-Moody Algebras, QFA : Quantum Algebras of Finite type, QAA : Quantum 
Affine Algebras, QTA : Quantum Toroidal Algebras, QA : Quantum Affinizations; the line between the 
two QAA symbolizes the Drinfel'd-Beck correspondence.) 

In |N1| Nakajima gave a classification of (type f) simple integrable highest weight modules of U q (o) when 
q is symmetric. The case C of type An (toroidal si n -case) was also studied by Miki in |M1| (a coproduct 
is also used with an approach specific to the A^-case; but it is technically different from the general 
construction proposed in this paper). In [H3l we proposed a combinatorial construction of q-characters 
(and also of their t-deformations) for generalized Cartan matrix C such that i ^ j =>■ CijCj.i < 3 (it 

includes finite and affine types except A± , A$p); we conjectured that they were linked with a general 
representation theory. But in general little is known about the representation theory outside the case of 
quantum affine algebras. 

In this paper we study general quantum affinizations and we develop their representation theory. First 
we prove a triangular decomposition of U q {o). We classify the (type f) simple highest weight integrable 
representations, we define and study a generalization of the morphism of g-characters \q which appears 
to be a natural tool for this investigation (the approach is different from [H3| because g-characters 
are obtained from the representation theory and not from purely combinatorial constructions). If the 
quantized Cartan matrix C(z) is invertible (it includes all quantum affine algebras and quantum toroidal 
algebras) , a symmetry property of those g-characters with respect to the action of screening operators 
is proved (analog of the invariance for the action of the Weyl group in classical finite cases; the result 
is proved in |FM| for quantum affine algebras); in particular those g-characters are the combinatorial 
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objects considered in [H2|. Moreover we get that the image of \q ls a rm g an d we can define a formal ring 
structure on the Grothendieck group. Although quantum affine algebras are Hopf algebras, in general no 
coproduct has been defined for quantum affmizations (this point was also raised by Nakajima in |N3| ). 
Drinfel'd gave formulas for a new coproduct which can be written for all quantum affmizations. They 
can not directly be used to define a tensor product of representations because they involve infinite sums. 
We propose a new construction of tensor products in a larger category with a generalization of the new 
Drinfel'd coproduct. We define a specialization process which allows us to interpret the ring structure that 
we defined on the Grothendieck group : we prove that it is a fusion product, that is to say that a product 
of representations is a representation (see [F] for generalities on fusion rings and physical motivations) . 

In more details, this paper is organized as follows : 

in section [21 we recall backgrounds on quantum Kac-Moody algebras. In section we recall the definition 
of quantum affmizations and we prove a triangular decomposition ( theorem Some computations are 
needed to prove the compatibility with affine quantum Serre relations ( section : note that we get a 
new proof of a combinatorial identity discovered by Jing (consequence of lemma I3.1()|) . The triangular 
decomposition is used in section l4.2.1l to define the Verma modules of U q (g). 

In section 31 we recall the classification of (type 1) simple integrable highest weight representations of 
quantum Kac-Moody algebras, and we prove such a classification for quantum affmizations (theorem 14.91 
the proof is analogous to the proof given by Chari-Pressley for quantum affine algebras) . The point is to 
give an adapted definition of a weight which we call a ^-weight : we need a more precise definition than 
in the case of quantum affine algebras (a Z-weight must be characterized by the action of U q {\)) C U q {o) 
on a ^-weight space). We also give the definition of the category 0(U q (o)). 

In sectional we construct g-characters of integrable modules in the category 0(U q (o)). New technical 
points are to be considered (in comparison to quantum affine algebra cases) : we have to add terms of 
the form k\ (A coweight of U q {o)) for the well-definedness in the general case. The original definition of 
g-characters ([FR ) was based on an explicit formula for the universal "fc-matrix. In general no universal 
7\L-matrix has been defined for a quantum affinization. However g-characters can be obtained with a piece 
of the formula of a "7?.-matrix" in the same spirit as the original approach ( - theorem l5.7|l . In section 1531 we 
prove that the image of \q ls the intersection of the kernels of screening operators (theorem I5.15J1 in the 
same spirit as Frenkel-Mukhin [FMj did for quantum affine algebras; new technical points are involved 
because of the k\ (we suppose that the quantized Cartan matrix C(z) is invertible). In particular it 
unifies this approach with |H3j and enables us to prove some results announced in |H3j . We prove that 
the image of \q is a rm g- As Xq 1S injective, we get an induced ring structure * on the Grothendieck 
group. 

In section we prove that * is a fusion product ( theorem 16.211 . that is to say that there is a product of 
modules. We use the new Drinfel'd coproduct (proposition I6.3J1 : as it involves infinite sums, we have to 
work in a larger category where the tensor product is well-defined Ctheorem 16.711 . To conclude the proof 
of theorem 16. 21 we define specializations of certain forms which allow us to go from the larger category to 
0(U q (g)) (section We also give some concrete examples of explicit computations in section l6~o1 

Acknowledgments : the author would like to thank Marc Rosso for his continued support and Olivier 
Schiffmann for his accurate remarks. 

2. Background 

2.f. Cartan matrix. In this section we give some general backgrounds about Cartan matrices (for 
more details see \Ka\ ). A generalized Cartan matrix is C = (Cij)i<ij< n such that Cij £ Z, ds = 2, 
i ^ j => C it j < 0, C it j = 4$ Cj^i = 0. We denote / = {1, n} and I = rank(C). 

In the following we suppose that C is symmetrizable, that is to say there is a matrix D = diag(ri, ...,r„) 
(r-j £ N*) such that B — DC is symmetric. In particular if C is symmetric then it is symmetrizable with 
D = I n . For example: 

C is said to be of finite type if all its principal minors are in N* (see |Boj for a classification) . 
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C is said to be of affine type if all its proper principal minor are in N* and det(C) = (see jKaj for a 
classification). 

Let z be an indeterminate. We put z% = z Ti and for I e Z, we set [l] z = jEjpi G Let C{z) be the 
quantized Cartan matrix defined by (i =/= j £ I): 

Ci,i{z) = 2) + , Ci,j(z) — [Ci y j] z 

In sections QOD and we suppose that C(z) is invertible. We have seen in lemma 6.9 of |H3j that the 
condition (Cij < — 1 ^> —Cjj < n) implies that det(C(z)) ^ 0. In particular finite and affine Cartan 

matrices (where we impose r\ = r 2 = 2 for A^) satisfy this condition and so the quantum affine algebras 
and quantum toroidal algebra are included in our study. We denote by C(z) the inverse matrix of C(z) 
and D(z) the diagonal matrix such that for i,j £ I, Dij(z) = 6i,j[ri] z , 

We consider a realization (h,II, LT V ) of C (see |Ka| ): t) is a 2n — I dimensional Q-vector space, LT = 
{«!, a n } C I)* (set of the simple roots) and n v = {a^, ...,a^} C f) (set of simple coroots) and for 
1 < i,j < n: 

a {a() = 

Denote by Ai, A„ £ f)* (resp. the , A^ £ f)) the fundamental weights (resp. coweights) : we have 
a i (AY)=A i (aJ) = 5 iJ . 

Consider a symmetric bilinear form (, ) : f)* x t)* — > Q such that for i £ I, h € f)* : (ai, h) — h(ri<x(). It 
is non degenerate and gives an isomorphism v : f)* — ► f). In particular for i £ 7 we have i/(aj) = J^a/ and 
forA,//Gf)*, A(K/i)) = m(KA)). 

Denote P = {A £ f)*/Vi £ I, \{a() £ Z} the set of weights and P+ = {A £ P/Vi £ I, A(c^) > 0} the set 

of dominant weights. For example we have a\, a n £ P and Ai, A„ £ P + . Denote Q = ^TLoli C P 

iel 

the root lattice and Q + = 53-^°^ C Q. For A, /i £ f)*, write A > /i if A — // £ Q + . 

ie/ 

If C is finite we have n = I = dim(F)) and for A £ f)*, A = ^a^(A)Aj. In particular a; = ^Cj.jAj*. In 
general the simple roots can not be expressed in terms of the fundamental weights. 

2.2. Quantum Kac-Moody algebra. 

Definition 2.1. The quantum Kac-Moody algebra U q (g) is the C-algebra with generators kh (h € t)), xf 
(i £ I) and relations: 

(1) k h k h > = kh+h> , k = 1 



(2) 



(3) 
(4) 



E (-D r 



r=0...1-Ci. 



This algebra was introduced independently by Jimbo |.Timj and Drinfel'd |Drl| and is also called a quantum 
group. It is remarkable that one can define a Hopf algebra structure on U q (o) by setting : 

A(fcfc) = k h ®k h 

A(x+) = xf ® 1 + fc^ ® a;+ , A(xr) = ^ ® fc~ + 1 <g x7 

S 1 ^) = k_ h , S(x+) = -x+k- 1 , S{xT) = -kfxT 

e(k h ) = 1 , e(xj) = e{xT) = 
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where we use the notation k- 



For i G I let Ui be the subalgebra of U q (g) generated by the xf , k pa v (p e Q). Then Ui is isomorphic to 
^qi( s h), and so a U q (g)-modu\e has also a structure of U qi (s^ 2 )-module. 

Definition 2.2. A triangular decomposition of an algebra A is the data of three subalgebras (A~,H,A + ) 
of A such that the multiplication x~ eg) h ® x + i— > x~hx + defines an isomorphism of C-vector space 
A~ ® H ® A + ~ A. 

Let £Y 9 (g) + (resp. U q (g)~ , U q (t))) be the subalgebra of W 9 (g) generated by the x/" (resp. the a;~, resp. 
the kh)- We have (see [E]) : 

Theorem 2.3. (U q (g)~ ,U q (t)), U q {g) + ) is a triangular decomposition ofU q (g). Moreover U q (t)) (resp. 
U q {o) + , U q (o)~~ ) is isomorphic to the algebra with generators kh (resp x~l , xj ) and relations (resp. 
relations with +, relations ^ with —). 

3. Quantum affinization U q (g) and triangular decomposition 

In this section we define general quantum affinizations (without central charge), we give the relations 
between the currents fsection l3~2)l and we prove a triangular decomposition ( theorem 13 .211 . 

3.1. Definition. 

Definition 3.1. The quantum affinization ofU q {g) is the C-algebra U q ($) with generators xf r (i G I,r G 
1), kh (h G t)), hi iTn (i G I,m G Z — {0}) and the following relations (i,j G I, r, r' G Z, m G Z — {0}): 

(5) k h k h > = k h+h > , k = 1 , [kh, hj, m ] = , [hi, m , hj, m >] = 



(6) 
(7) 



k h x± r k- h = q ka *Wxf ir 



[hi >m , %j, r ] — ^ m [ m -^i,j]q x j,m+r 



(8) 
(9) 



x ± x ± 



[X 4 r /J — Oil i 



tfc - 9, 



±By ± ± 



(10) 



E E (-D fe 



7reX s fc=0..s 



C ^i-„ (fc) a; j,r' a; i,r„ (fc + 1) ■•■ a; i,r^ (s) 



where the last relation holds for all i ^ j , s = 1 — Cy, sequences of integers n, ■ 



S s is the 



symmetric group on s letters. For i G I and m G Z 
series mW,(g)[[z]] (Vesp. »tt 

X>t±m* ±m = fc ±riQ ve^(±(Q - q- 1 ) E ^,±™^ ±m ') 



E W 9 (g) is determined by the formal power 



m>0 



m'>l 



and 4>tm ~ ^ / or TO < 0' $i m = ^ f or TO > 0. 



The relations lTLf)l) are called affine quantum Serre relations. The notation kf — k± Tia ^ is also used. We 
have hkr 1 = kr% = 1 , hxf^kr 1 = q ±B »xf m . 

There is an algebra morphism U q (g) —> U q {g) defined by (h G f),i G /) kh >-> kh , xf xf Q . In particular 
a Z// 9 (§)-module has also a structure of a U q (g)-modu\e. 
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3.2. Relations between the currents. For i € I, consider the series (also called currents) 

*f(«o = £<x , = £O m . = 



r6Z m>0 m>0 



The defining relations of can be written with currents (h,h' € f), i, j G J): 

(11) fcfefcft' = fch+fe' , k = 1 , k h <j)f{z) = 4>f{z)kh 

(12) fc h i±(z)= g ±0, iWa;f(z)fc & 



(is) (*)^(«0 = ^S-f *f(«0tf (*) 

(14) <t>7(z)xf( W ) = q —^-l x f H ^( z) 

(15) [^(4^W1 - -^TlsO<f>tM-S(-)<t>7(z)} 

q l -q l z w 

(16) (to - q ±Bi ^z)xf{z)xf(w) = {q ±B ^w - z)xf(w)xf(z) 



d7) £ £ (-D* 



7reS s /c=0...s 



^ ± ( w 7 r(i))---^ ± (w 7r( fe))x= t (z)a; l ± (u) 7r(fe+1) )...a; l ± (u; 7r(;j) ) = 

9. 



where <S(z) = ^ zr - The equation ltl3|i (resp. equation dJl) is expanded for |z| < \w\ (resp. |w| < |z|). 

Remark: in the relations <16t . the terms can not be divided by jk - q± B ^3 z : it would involve infinite 
sums and make no sense. 

The following equivalences are clear : (relations © <=> relations dJ) i (relations © relations C2J) ; 
(relations Q relations IjlftH l ; (relations © relations dJ) ; (relations (1 1 Of) relations l|17flY. 

We suppose that the relations © are verified and we prove the equivalence (relations @ with m > 1 
relations ltl3ll l ((relations (0 with m < — 1 relations ITlt ) is proved in an similar way): consider 
hf(z) — fnhijnz" 1 " 1 . The relation with m > 1 are equivalent to (expanded for |z| < |tu|): 

m>l 

[ht(z),xf(w)] = ±[B iJ ] q il _^ iij) { 1 l± q _ Blij) 

It is equivalent to the data of a a±(z, w) € (C[iu, w _1 ])[[z]] such that <f>f(z)xf(w) = a±(z, w)xf (w)(/)f (z). 
So it suffices to prove that this term is the ^ °f relation ltl3ll . Let us compute this term : we 

have d^J 2 - 1 = (g — g _1 )/i+(z)(/)+(z) and so the relations imply : 

(q q-^+WKW, xf(w)] = 9a± £ W) xf{w)<l>t(z) 



" 1 9a±(z,w). _)_. . , . . 

(± l B i,j UTa z B \n z -B A a ±( z , w ) — q ) X j ( w m( z ) = 

i9a+(z,w) . d d . u> _1 

i(9 9 _ )ti — i „ 7T7i — rznnr a ±(*.«') 



^ ' ' '(l-^)(l-^9- B -) 

ion, we h 

(relations ©) and so X(w) = 1. 



As q w ^ q ltii j ~ z is a solution, we have a±(z,w) — A(u>)^— ^3-377 ~ z - But at z = we know a±(0,w) — q ±Bi 
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3.3. Triangular decomposition. 

3.3.1. Statement. Let U q {o) + (resp. U q {o)~ , U q (t))) be the subalgebra of U q (g) generated by the xf r 
(resp. the x~ r , resp. the kh, hi >r ). 

Theorem 3.2. (U q (2)~ ,U q (t)), U q {$) + ) is a triangular decomposition ofU q (o). Moreover U q {§) (resp. 
U q {o) + , U q (o)~ ) is isomorphic to the algebra with generators kh,hi i7n (resp xf r , xj r ) and relations 0) 
(resp. relations 0), with +, relations \1Q\) with —). 

For a quantum afHne algebra (C finite) it is proved in |Bej . 

In this section l3~3l we prove this theorem in general. We will use the algebras U l q (g), U q (o) defined by : 

Definition 3.3. U q (o) is the C-algebra with generators xf r , hi^ m , k h (i G / , r G Z, m G Z — {0}, h el)) 
and relations ®, Q), © (or relations G2JJ, \Tj$, {T^, f75)) ). 

U q (o) is the quotient ofU l q (g) by relations (or relations llfip ). 

Note that U q (o) is a quotient of U l q (o) and that (U q -~(g), U q yq) ,U l j + {$)) is a triangular decomposition of 
U l q (g) where U q ,ziz (g) is generated by the xf r without relations. In the sfe-case we have Uqish) — U q {sl2). 

Let us sketch the proof of theorem 13. 21 We use a method analog to the proof for classic cases or quantum 
Kac-Moody algebras (see for example the chapter 4 of [JaJ) : we have to check a compatibility condition 
between the relations and the product as explained in section 13.3.21 After some preliminary technical 
lemmas about polynomials in section 13.3.31 the heart of the proof is given in section 13.3.41 : properties 
of U l q (o) (lemma 13.911 lead to a triangular decomposition of U q (o). Properties of Uq[Q) proved in lemmas 
13.101 13.1ll imnlv theorem 13.21 Note that the intermediate algebra U q (g) is also studied because it will be 
used in the last section of this paper. 

Remark : lemma, l3~Tfll gives a new proof of a combinatorial identity discovered by Jing. 

The theorem 13.21 is used in section 14.2.11 to define the Verma modules of U q (9) . Let us give another 
consequence of theorem 13. 21 : for ie/, let Ui be the subalgebra of U q {o) generated by the x ir , fc pQ v , hi >m 
(r G Z, m G Z — {0}, p G Q). We have a morphism U qi (sl2) — > Ui (in particular any W g (g)-module also 
has a structure of U qi (s^-module). Moreover theorem 1.3 . 21 implies : 

Corollary 3.4. Ui is isomorphic to U^isl-i) ■ 

3.3.2. General proof of triangular decompositions. Let A be an algebra with a triangular decomposition 
(A-,H,A+). Let B+ (resp. B~) be a two-sided ideal of A+ (resp. A~). Let C = A/(A.(B+ + B-).A) 
and denote by C ± the image of B^ in C. 

Lemma 3.5. If B + .A C A.B + and A.B~ C B~ .A then (C~ , H,C + ) is a triangular decomposition of C 
and the algebra is isomorphic to A^ / B^ . 

Proof: We use the proof of section 4.21 in jjij : indeed the product gives an isomorphism of C-vector 
space A.{B+ + B~).A ~ B+ <g> H ® A- + A+ ® H ® B~ . □ 

3.3.3. Technical lemmas. Let i ^ j and s = 1 — Ci.j. Define P±{w\, ...,w s , z) G C[w\, w s , z] by the 
formula : 



P ± (wi,...,w s ,z)= 



(wi - q ±M ^z)...{w k - q ±u ^ z)(w k+1 q ±ai -' - z)...{w s q ±a ^ - z) 

n 



\ 1 '''' 

Lemma 3.6. There are polynomials (/±,r)r=i,...,s-i of s — 1 variables such that: 

P±(W!,...,W S ,Z) = ^ ( W r+1 - qf 2 W r )f±,r{wi, ■-, »r-l, W r+2 , . 
Kr<s-1 
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Proof: It suffices to prove it for P+ (because P_ is obtained from P+ by q i— > q 1 ). First we prove that 



P+{qi 2< " s 1 ^ > w,q i 2( - s 2 ^w,... 1 q i 2 w,w,z) =0. Indeed it is equal to: 



E 



fe=0.. 



where: 



V~ s )-(<7 ) 



z s {q]- s - -)q- 3s+S M gi (-q Ss - 3 ) 



M q (u) = E (-!)* 



fe=0.. 



g fc(l-)(g2fc _ u )( g 2(fe+l) _ u )...( g 2(fe+,-2) _ u) 



Let ao((j), a s _i (q) G such that (a — u)(a — uq 2 )...(a — uq 2 ^ s 2 ^) = u s 1 a s -i(q) + U s 2 aa s _ 2 (q) + 
... + a s - 1 a ((?). So: 



M,(«) = £ « s - P (g)u s - p E (-l) fe 

p=0...s-l 



fc=0. 



fe(l-s+2p) 



And so M q (u) = because of the g-binomial identity for p' = 1 — s, 3 — s, s — 1 (see [L"]l: 

g' y = 



E (-D fe 

fe=0...s 

As a consequence P+ is in the kernel of the projection 

4> : C[wi, ...,w s ,z] -» C[wi, w s ,2;]/((w2 - 9, 2 wi), (w a - q t 2 w s _i)) 
that is to say P+(wi, w s , z) = {w r +i — q Bi j w r )f r (wi, w s , z) where the f r £ C[u>i, w s , z]. 

l<r<s-l 

Let us prove that we can choose the (/ r )i<r<s-i so that for all 1 < s < r — 1, f r does not depend of 
w r ,w r +i- Let A C Ker(0) be the subspace of polynomials which are degree at most of 1 in each variable 
u>i, ...,w s . In particular P £ A. We can decompose in a unique way P = a + W2/3 + wij where a, 7 £ 
C[w 3 , w s , z], (3 £ C[wi,w 3 , ...,w s ,z]. Consider A (1) = -q^ 2 j{w 2 - qfwi) £ A and P (1) = P- A (1) £ A. 
We have in particular P^ = /i^ + 102/^2 + WiWiHi where fJ,^, $\ fi^ £ C[wa, ...,w s , z]. In the 
same way we define by induction on r (1 < r < s - 1) the £ A such that P( r) = P^- 1 ) - A^ G .4 
is of the form: 

P^ = /4+2 + w r+l^r+l + "'r+lWr/'i.''' + •■■ + Wr+1 W r . . . W\ fjf' 

where for 1 < r' < r + 2, /jfi £ C[w r +2, w s ,z]. Indeed in the part of P^ without w r +2 we can change 
the terms w r +i\{w r +z, —, w s , z) to q~ 2 w r+ 2\(w r+3 , w s , z) by adding q^ 2 (w r+ 2 — q 2 w r+ i)\ £ A, we 
can change the terms w r +iw r \' (wv+3, ■■.,W s ,z) to q[ A w r +2W r +\'\! '{w r +z, ...,W s ,z) by adding q[ A (w r +2 — 
q 2 w r+ i)X + q^ (w r+ 2 — q 2 w r +i)\ £ A, and so on. In particular for r = s — 1 : 

P^ _1) = /4+i + + Ms-^^s^s-i + ••• + Ml* 10 S U1 8 -1...101 

where fJf, x , /i^ 1 ^ G C[z]. But : 

= *(pc-i>) = Mfc 13 + m?- 1 ^. + ^^r 2 - 2 + ... + ^q; 2 - 4 -- 2 ^- 1 ^ 

So for all 1 < r' < s+ 1, = 0, and so P^ 1 ' = 0. In particular P = A^ + A (2) + ... + A^" 1 ). □ 

For 1 < k < s consider P±(wi, W2, w s , z) £ C[w±, w s , z] defined by: 



(-l) k 



v k'=l...k 



s 

k - 1 



E ( zc h {1 S) _ w i){ w 2 - qf 2 w 1 )...(w k ' - qf 2 w 1 ){w kl+1 qf 2 - wi)...(w s qf 2 - wi) 

k 

E ( 2 _ Wl( h )( w 2 ~ qf 2 wi)...(w k i - qf 2 wi)(wk'+iqf 2 - Wi)...(w s qf 2 - w\) 



V k'=k. 
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Lemma 3.7. i) For 2 < k < s — 1 there are polynomials (f±\.) r =i,...,s-i of s — 1 variables, of degree at 
most 1 in each variable, such that P±(wi, ...,w s ,z) is equal to : 

- qf [1 ~ S) W k ) f^^Wi, ...,W k -l, Wk+l, -,W S ,Z) + Ofc+i - qf ...,Wk,Wle+2, -,w s ,z) 

+ X] (" V + 2 -qt 2w r+l)f±,l( w l,---,Wr-l,W r+2 i---,Ws,z) 

l<r<s-2,r^fc-l 

There are polynomials (f± r ) r =i,...,s-i of s — 1 variables, of degree at most 1 m mc/i variable, such 
that P±\w\, ...,w s ,z) is equal to : 

(w 2 - qf {1 ' S) z)f^ s (w 3 , ...,W S ,Z) + ^ ( W r+2 ~ Qt 2w r+l)f±, r (wU -,^-1,^+2, W s ,z) 

l<r<s-2 

mj There are polynomials {f± r ) r =i,...,s-i of s — 1 variables, of degree at most 1 in eac/i variable, such 

(s) 

that P± (u>i, ...,w s , z) is equal to : 

(z - 1_S) W s )/i; s _i(wi, W a -i, z) + ^ ( w r+2 ~ qf 2 W r+ x)f^l,(wx, W r -l,W r+ 2, ...,W s ,z) 

l<r<s-2 

Proof: It suffices to prove it for (because P_ is obtained from by q i-» g -1 ). 

For i) : we see as in lemma, I^Tfil that it suffices to check that P+(wi, ...,w s ,z) = if W3 = q 2 W2, ■•■ , 
w k = qfwk-i, w k+2 = qfw k+ i, ... , w s = qfw 8 -i, z = q]~ s w k and w k+ i = q]~ s z. It means w 3 = qfw 2 , 
w k = qf^ k 2 ^W2, w k+ \ — q 2k ~ 2 ~ 2s W2, ... ,w s = q~ i W2, z = q 2k ~ 3 ~ s W2- So if we set u — Wxjw% we 
find for P { + ] W2 S : 



-i) 



fc-i 



E ti^Htf-*-* - u)(q 2k - 2 ° - u)...(qf- e - u)(flf - u)...(q 2k 2 - u){ q - 2 u) 



k' = l...k 

S 

k-l 



E Qf - S - X (ef - 2s " 4 - «)..-(«?*' - 2s - 6 - «)(«?*' ^ - «)...(«?* 4 - u){qr 2 u) 

k' — k...s 



It is a multiple of: 

9r^ a - 4 -« L fe ^.. fe (9f'- 2 -«)(8f'- 4 -«) J 9?*" 2 -« ftL fc /ifc'... s (?? fc '- 2 - 2 -«)(9?*' - 2S " 4 -«) J 

_ g?[f— fc+jjgj r 1 1 1 gjWgj s r 1 1 1 

7l „2\/ 2fc-2s-4 "T [ ^ 2fc'-2 2fc' -4 J 7l «2\ 2fc-2 ~Hi[ 2fc'-2s-2 2fc'-2s-4 J 

(1— SjJWj -«J fc'=l...fc9j ~ n ? i ~ u SiHi _M k'=k...s q i ~ u q i ~ u 

_ g?[«"fc+i]g, r 1 1 1 g, 2 Wgj „ar 1 1 1 _ n 

— /1 2\7 2fc-2s-4 \ I 2k — 2 J /-, 2\ f 2k-2 s f/i 2fc-2s— 4 I — U 

For ii) : as for i) we check that P+\wx, ...,w s ,z) = if W3 = qfw2, ... , w s = qfw s -x, z — q s i ~ 1 W2- It 
means w k > = q^ k 2 ^W2 for 2 < k! < s. So it we set u — W1/1V2 we find for P+Wq"; 

- [s]qi{ l-u)( q ?-u)...(qr- 2 -u)+ q }- s E gf'- 2 ( 9 f- 2 - U )( 9 r 2 - U )...( g f'- 6 - U )( 9 f'- U )...(gr 2 -«) 

fe'=l...s 

It is a multiple of: -4P^M 2^2—) + 7^2 2^2—) = 0. 

For iii) : as for i) we check that P^iwi, ...,w s ,z) = if W3 = g 2 W2, ••• , w s = qfw s -i, z = ql~ s w s . It 
means iwj,/ = g 2( '' c 2 ^W2 for 2 < k' < s and 2: = q?~ 3 W2, The computation is analogous to i). □ 

Lemma 3.8. For all choices of polynomials (f±J)i< k >< s .i< r <s-i in lemma XsTh and each 2 < k < s there 
are polynomials {g± r ) r =i,...,s-2 of s — 1 variables such that: 

Ak) /(fc-l) I ±2 \ (*:) / N 

/±,fc_l - 7±, a -l = 2^ ( W ''+2-9i w r+l)5±,r( w l: ■ ■ ■ , Wr-1 , W r+2 , -,W S ,Z) 

KKj-2 
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Proof: We see as in lemma 13^61 that it suffices to check that f+ \_ x + f+ s l{ = if u>3 = qfw 2 , ... 



r(k-l) 



qfw s -i. So we suppose that w k > = q. 



2(k'-2) 



for all 2 < k' < s. Let 



w{ 1 (w 2 q i 2 - 1)(W2 



\)...{w2q i s )/(qf — !))• It suffices to prove that for 2 < fc < s, we have: 



(18) (q?-qt 2S )fi k Ll(Q(-V k 

(19) (g?-^- a *)/i*r- 1 l(o(-i)*~ 1 

because we have the relation : 
H, ~ q 



[khM-Qi 1 ))- 1 



AH-l+s , _ -s+k+l _ 3-fc+s 

' 



2k-4 



2s-2 



1) 



S 

fc-1 



_|_ „- fc + 3 „-2s+fe+l „3-fc+2s 
r, -,1 / -1\\-1 ?i +9i — 9j - ^ 

[«-lJg»W-?i )) = 



(vq t - l)(vq, 



2fc-4 



i) 



First suppose that 3 < fc < s - 1. We have P[ fe) = (z - g^'tojOZ+liLi + (g> fc - 3, f ~'i0/+*i-i- So for 
a k ,Pk such that pj fc) = za k + w k /3 k , we have /+ fc _ x = ^j^t^P and /|^_i = But we 



s 

fc - 1 



l-s. 



r(*) 



p(fc) 



have Pj fe) = s A fe + [i k ) - wi(X k + q- s /.j lk ) where (we put v = w 2 /wi): 



x k = (-1) V -1 

= g(-i) fe 
Mfc = (-i)*- 1 » , r 1 

= Q(-l) fe - 1 



E (v-qf){vq? -ql)...{vq 



2(k'-2) 



-Qi)(vQi -!)...(«« 



2(s-2)+2 



-1) 



fe'=l...fe 



s 

fc-1 



.s 

fc-1 



E («- - 9f)-K 2(fc '- 2) - ?f)K 2fc ' - i)...K 2(s ^ 2)+2 - 1) 



9 5 

2fc-2 



fc'=fc.. 



2"7=3 — 7 

vq- — 1 



As a k = q 1 s X k + ^ fe and f3 k = -(\ k + q\ s )/(gf 2 w 2 ), we have: 



(-1)* 



[k] 9t - ffr'Xter 1- ' - «i *) + ^ s+fc ~ 3 + <?* +3fe ~ 3 - </; u * :; 9 - it^- 1 )) 



OL k 



(vqr--l)(vqf- 2 -l){vq. 



„2fc-4 



1) 



/3ft = Q- 



[*]«(* - fl^Xfe? + 9 2 ^ fe+2 - ^ fe+2 - i +2 ) + v(-q^- 2 + q\ )) 



In particular (g 4 2 - q 2 i - 2s )f i + %_ 1 (Q(-l) k 



(vq. 2 -l)(v<£ k - 2 -l)(v q * k -* 



1) 



(<l 



k+l-s 



s-fc+3 _ s+k+l 



3 — fc — s 



)+«(« 



s+3fc-l | „ft+l-s _3ft-l-s 



9 



s+fe+l\ 



2ft-2 



and we get formulalHfor k. Moreover (q 2 - qf~ )f + ' i_i(Q(— 1) 



2-2ss j(fc) 



2fc-4 



2s-2 



-1) 



fc+2-2s | ^2s-fc+2 „-*:+2 „k+2 



<1, 



<1, 



fe-2 _|_ r ,3/c-2 _ 3k-2s-2 _ k+2s-2\ 



i) 



and we get formula El for fc + 1. 

So it remains to prove formula IT??! with fc = 2 and formula IT8l with k = s. 

Pj 1 ' = (u* - (/i 1 -^)/^! = -W^K 1 - - W^q'w, - Wl )...{q 2s - 2 W 2 Wi) 
+(z - wxq]- 3 ) <l 2k '~ 2 (q^ 2 W2 - wi)...(q 2k '~ 6 W2 - w 1 ){q 2k ' w 2 ~ wi)...{q 2s ~ 2 w 2 - Wi) 
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r 1 l-a/ 2 1 \ 2ft'— 2 

f (i) _ a-^nrHjkgj (gj-l) , gj 



. f (i) _ l-.^ fH^i ~ | 



K- 2 -i)( v -i) ' j q ™-* v -i )iq ™-%-iy 

And so we have for /^(gf - «? -2a )(-QM«(<fc ~ 3T 1 ))" 1 - 

gi + g?-g? a+1 -gi-2s + 3 

(««r 2 -l)( V -l)( W g2-3t,-l) 

that it to say the formula, ITfll with k = 2. 

+(-iy(z q j- s - Wl ) 9? fc '" a (3T 2 ^ - wi)...(gf '"V - t«i)(g?*'«; 2 - u;i)...(g 2s - 2 ™2 - wi) 

fe'=l...s 

_ r?f (-i)'- 1 M a g? ( '" 1) (q?-i) , ( nv - y #'- 2 



K— 4 -l)Nf- 2 -l) ' fc ,^. s (g 2fe '-S-l)( g f'- 2 ? ;-l) J 
And so we have for /j^ife 2 " g?" 2<, )((-l) s QM,.fe - gf 1 )) -1 : 

g 2s+1 + gf- 2s -g^-gf 
(«g- 2 -l)K 2s - 4 -l)( V g 2s - 2 W -l) 

that it to say the formula Il8l with k = s. □ 

3.3.4. Proof of theorem\SIE The algebras W^fl^Wg^W^d) are defined in section HOI Let U~^(q) C 
Wg(fl) be the subalgebra generated by the xf r . Let t± be the two-sided ideal of Wg ,=t (fj) generated by the 
left terms of relations JHJl (with the :E ir ). 

Lemma 3.9. We /save T + U l q {g) C U l q {g)T + andU l q {g)T- C T-U l q (g). In particular {U q {g) ,Uq(^)) Mq {o)) 
is a triangular decomposition ofU q (g). 

Proof: First T + U q (t)) C W g (rj)r + , U q (\])T- C T_U q (t)) are direct consequences of relations l(T2|i . ltl3ll . ifHj) . 
We have also (we use relations lllot and i 1 .' >fl . l|14Jl l: 

[{w - q ±B >->z)xf(z)xf(w) - (q ±B '-iw - z)xf(w)xf(z),x^(u)] 
= (w - g ±B - z)xt(z)[xf(w),xf(u)} - (q ±B ^w - z)[xf (w) , x* (u)]xf (z) 

-( q ± B *.i w - z)xf(w)[xf(z),x^(u)] + (w - q ±B *->z)[xf(z),x];(u)}xf(w) = 
and so T+U l q -(g) C U q (g)r + , U l q ' + {g)T_ C T-U\{g). 

The last point follows from U q {g) = U l q {g) / {U l q (g) .{t + +T-).U l q (g)), the triangular decomposition of U l q {g) 
and lemma 003 D 

Lemma 3.10. Let i ^ j, s = 1 — Cjj (J, = 1 or fi = — 1. We /iawe in Z// 9 (§) : 



(20) E E 



7rGS s fe=0..s 



a; l ± ( u; 7r(i))--a; l ± (w7r(fe))0j I (2)a;f(w 7r ( fc+ i))...2; l ± (w; 7r(s) ) = 



( 21 ) E E 



&(™7r(l))---&(w>7r(fc)W (^)Ci(^7r(ife+l))— ^(^(s)) = 



7rGE s fc=0..s 

w/iere &(t0 p ) = xf(w p ) if p ^ 1 and &(wi) = (f>i(wi). 
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Remark : in particular if we multiply the equation l!2tH by ( J j (w r — z))( \\ (w r — qfw r r)) 

r— 1...S l<r'<r<s 

and we project it on xf (wi)...xf {w 8 )(j)~j (z) (we can use the relations itTfil) thanks to the multiplied 
polynomial), we get the combinatorial identity discovered by Jing in |.Tin| . which was also proved in a 
combinatorial way in |D.T| : for i £ E s denote by e(7r) 6 {1,-1} the signature of ir (we have replaced 
z i ► z^ 1 , w k > i— > w^, 1 to get the formula in the same form as in |.Tin| ): 



(z-q s w n (i))...{z - q s W n ( k )) 



{w*(k+i)-q s lz )--(w 7r ( s ) - q s l z) JJ (Wn(r) - q 2 WK(r')) 

X<r<r'<s 

Proof: First we prove the equation J2()fl with fi = 1 (// = — 1 is analog). The left term is (relations i|13|0 : 



X! P ±( w ^(l)> -J^TrW, «)xf (lU^(i)). ..tff («V( S )) 



(toi^- 8 *^ — 0)...(tw s g ± - B *--» — z) ^ x 
that is to say (see lemma EOi}l : 

^2 J! ~ 9i t2 ^7r(r))/r,±(w 7r (i), 1%(r-l), W,r(r+2) > «V( g ), (^7r(l))-^f (^Tr(s)) 

7re£ s l<r<s-l 

For each r, we put together the 7r,7r' G S s such that 7r(r) = 7r'(r+l), 7r(r + l) = n'(r), and 7r(r") = 7r'(r") 
for all r" ^ r, r + 1. So we get a sum of terms: 

fr,±( W n(l)> "•■> W ir(r-l),U>n(T+2), ■■ ; w tt(s) , z)xf ).. .xf (w Tr{r _ 1) ) Af n{r) ^ {r+1)} xf (w^ {r+2 ).- .xf (w^ s) ) 

where 4r fe>fe /} = ( w fe _ qf 2 w k >)xf (w k >)xf (w k ) + {ww - qf 2 w k )xf(w k )xf(w k >) 
But Af k ifc , } = in W,(fl). 

Let us prove the equation j2l]) with /u = 1 (// = — 1 is analog). The left term is : 



{w2qf 2 - wi)...(w s qf 2 ~ wi)(zqf {1 ~ s) - W\) 

^2 P±\wi,W n (2), W 7r ( s ),z)xf {W n (2))...xf (w^ k ))xf(z)xf(w^ k+1 ))...xf(w n ^)) 

7rGS s „i,fc— 1...S 

where S s _i acts on {2, s}. With the help of lemma 1X71 and in analogy to the previous case, for each 
1 < k < s each r ^ k, we put together the w, n' 6 S s such that ir(r) — ir'(r + 1), ir(r + 1) = 7r'(r), and 
7r(r") = Tv'(r") for all r" ^ r, r + 1, So the terms with polynomials f± k i with fe' ^ s,k — 1 are erased. 

Wp o-pt • , 

vve gei . - ^2 - - ^2 77 ±(i-«) r 

7r6S s _i ,k=l,..s 

xf (w^ 2 ))-xf {w <k) )xf (z)xf (w 7r{k+1) )...xf (w <s) ) 
But this last sum is equal to : 

( Z ~ <k W *{k))(f±l-1 - f±.s-\) X f ( W 7r(2))---xf (W^ {k) )xf {z)xf{w M ^ 

7reS s _i,fc=2...s 

where we can replace (z — qf ^~ s ' w w ( k ))xf (w n ( k ))xf(z) by (— lAV(fc) + 5 l ± ^ 1_ ^ z)xf(z)xf (w w ^)) (relations 
itTfi)) in Wg(fl)). As in the previous cases it follows from lemma HOI that this term is equal to 0. □ 

Let t± be the two-sided ideal of £(^(g) generated by the left terms of relations ltlfl|l with the xf r . 
Lemma 3.11. We have f + U q (g) C U q (g)f + and U q (q)t- C f-U q (g). 
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In particular as U q (g) — U q (g)/(U q (g).(f + + T-).U l q {Q)) the result of theorem 13 . 21 follows from lemma 
and the triangular decomposition of U q (g) proved in lemma IT9l 

Proof: First f + U q {\]) C Z/Z 9 (rj)r + , W 9 (f))f_ C f-U q (\)) are direct consequences of relations l(T2|) . (Tl3l) . IT4Tl . 
Let us show that : 



x t Kr(i) ) ■ ■ - x t ( w *(k) )xf (z)xf (^(fc+i) )...xf (w^ (s) ),xf(u)] = 



(22) Y, 

7reE s /c=0..s 

where i,j,l £ I, i ^ j. If Z ^ j and Z 7^ i the equation l(22)l follows from relations dJ). If Z = j, the 
equation l(22|l follows from the identity ffiljl of lemma 13. 101 because the left term is : 



E E (-i)' 



7r<E£ s fc=0..s 



xf(w w ^)...xf(w^ k )){S{-Uf(z) - 5{-)(t)J(z))xf(w 7r{k+1) )...xt{w 7T{s) ) 



If Z = i, the equation l(22ll follows from the identity lf2"T|l of lemma HTTpI because the left term is : 



7reS s fc=0..s 



9> fc'=l..Jfc 



^ (^(fc'+l))-^ (w„w)Xj {Z)x i {Wn(k+1))-Xi (w l(s) ) 



+ E 2 ; l ± (^(l))--^ ± (w 7 r(fe))a; j ± (^)^ ± (w7r(fe+l))--^ ± (w 7r ( fc ^i)) 



fc'=fc+l...s 



^{-^-){4>f{wk') - ^i F («'fc'))^(«' w (fc'+i))-a^ ("'ttw)) 
So we have proved the equation j22} and in particular f+£?~(fj) C Z5g(fj)f + , W+(g)r_ C f-U q (o). □ 



4. INTEGRABLE REPRESENTATIONS AND CATEGORY 

In this section we study highest weight representations of U q (g). In particular theorem 14.91 is a gener- 
alization of a result of Chari-Pressley about integrable representations. 

4.1. Reminder: integrable representations of quantum Kac-Moody algebras. In this section 
we review some known properties of integrable representations of U q (g). 

For V a W 9 (f))-module and u> G fj* we denote by the weight space of weight u>; 

V U = {VS V/Vh E\),k h .v = q^ h) v} 

In particular for v G V u we have = q^ a * and for i G / we have xf.V^, C K,± Qi . 
We say that V is £/ g (f))-diagonalizable if V = (in particular V is of type 1). 

Definition 4.1. j4 U q {o) -module V is said to be integrable if V is U q {\))-diagonalizable, Vw G f)*, K, is 
/zm'ie dimensional, and for fi £ t)* , i £ I there is R > smc/i that r > i? V^±ra< = {0}. 

In particular for all v G V there is m„ > such that for all i G /, m > m v , (xf) m .v — {x~) m .v — 0, and 
Ui.v is finite dimensional. 

Definition 4.2. A U q {o) -module V is said to be of highest weight to G f)* if there is v G V u such that V 
is generated by v and Vi G /, xf .v = 0. 

In particular V — U q {o)~ .v (theorem 12. 3t . V is W g (f))-diagonalizable, and V — (J) V\. We have (see [L*]): 

Theorem 4.3. For any w G f)* there is a unique up to isomorphism simple highest weight module L(u>) 
of highest weight lu. The highest weight module L(u>) is integrable if and only lu G P + . 
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4.2. Integrable representations of quantum affinizations. In this section we generalize results of 
Chari-Pressley |CP3I ICP4] to all quantum affinizations. 



4.2.1. l-highest weight modules. We give the following notion of /-weight : 

Definition 4.4. 

called a I -weight. 



Definition 4.4. A couple (A,*) such that A g f, $ = (*jf± m )iei,m>o, ^t,± m e C, = gf A(a,Y) is 



The condition ^ = qf X{ ~ ai ' is a compatibility condition which comes from 4>f = kf. 

We denote by Pi the set of /-weights. Note that in the finite case A is uniquely determined by \t because 

A = ^A(a^)Aj. Analogs of those I- weights were also used in |M1| for toroidal s/„-cases. 
iei 

Definition 4.5. A U q (g)-module V is said to be of l-highest weight (A, \E') G Pi if there is v £ V such 
that (i G I, r G Z, m > 0, /i G f) 

= , V = W,(fl).« , <^ ±m .u = *^± m « , k h .v = q x{h \v 

In particular U q (g)~.v = V (theorem 13 . 2f) . V is W g (f))-diagonalizable and V = © V\. Note that the 

Z-weight (A, G P; is uniquely determined by V. It is called the /-highest weight of V. 

The notion of Z-highest weight is different from the notion of highest weight for quantum affine algebras. 
The term "pseudo highest weight" is also used in the literature. 

Example : for any (A, G Pi, define the Verma module M(A, "J) as the quotient of U q {o) by the left 
ideal generated by the xf r (i G I, r G Z), k h - q x{h ^ (h G h), <f>f± m ~ *f ±m (t G I,m > 0). It follows 
from theorem 13.21 that M(A, ^) is a free ^(g)-module of rank 1. In particular it is non trivial and it is 
a /-highest weight module of highest weight (A, 1 J r ). Moreover it has a unique proper submodule (mimic 
the classical argument in |Kaj ). and : 

Proposition 4.6. For any (A, 'J) G Pi there is a unique up to isomorphism simple l-highest weight 
module L(A, 'J) of l-highest weight (A, \fr). 

4.2.2. Integrable U q (o) -modules. 

Definition 4.7. A U q {g)-module V is said to be integrable ifV is integrable as a U q (g) -module. 

Note that in the case of a quantum affine algebra, the two notions of integrability do not coincide. 
Throughout the paper only the notion of integrability of definition 14.71 is used. 

For i G I,r G Z and u> G f)* we have x ir .V w C V w ± ai . So if V is integrable, for all v G V, Ui.v is finite 
dimensional and there is too > 1 such that for all i G /, r G Z, m > too { x tr) m - v = (^j 7 ?-)™- 11 = 0- 

Definition 4.8. The set P ; + o/ dominant l-weights is the set of (A, \&) G P; swcft i/iai £/iere e:mi 
(Drinfel'd) '-polynomials Pi(z) G C[z] G I) of constant term 1 such that in C[[z]] (resp. in C[[2 _1 ]]^: 

Jeg(P,) Pijzqj 1 ) 



P%{zq%) 



In particular for all i El, A(a/) = deg(Pi) > and so A G P + is a dominant weight. 
Theorem 4.9. For (A, G Pi, L(X, *) is integrable if and only (A, *) G P, + . 

If q is finite (case of a quantum affine algebra) it is a result of Chari-Pressley in |CP3j (if part) and in 
|CP4| (only if part). Moreover in this case the integrable L(X, \f) are finite dimensional. If g is symmetric 
the result is geometrically proved by Nakajima in [Nlj . If C is of type An (toroidal s/„-case) the result 
is algebraically proved by Miki in |Mlj . 
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For the general case we propose a proof similar to the proof given by Chari-Pressley in the finite case. 
For A 6 h* denote D(X) = {lu G t)*/uj < A}. 

Proof: The proof uses the result for U q {sl 2 ) which is proved in [HPll IHP3] . 

First suppose that L = L(X, Hf) is integrable and for i G I let Li be the C/i-submodule of L generated by 
the highest weight vector v. It is a Z-highest weight U qi (s?2)-module of highest weight (A(a/), ^f ). As L 
is integrable, Li is finite dimensional. So the result for Uq^slz) gives Pi{z) £ C[z] such that: 

m>o 

Now we prove that L = L(X, ty) = U q (g).v is integrable where (A, G P ; + . It suffices to prove that: 

(1) For all fi < A, if L^ ^ {0} then there exists M > such that m > M Lfj,- moti — L tl+mai = 
for all i £ I. 

(2) For all fi < A, dim(i M ) < oo. 

The proof goes roughly as in section 5 of |CP3| , with the following modifications : 

For (1) : the existence of M for L^ +mai = is clear because the weights of L are in -D(A). Put 
r v = max{— Ci.j/i ^ j}. In particular if C is finite, we have r v < 3. First we prove that for m > 0, the 
space L^_ mai is spanned by vectors of the form Xf k ^,..X^xJ k X^ +1 .v where A — [i = a i± + ... + ai h , 
k\, kt G Z, XT" is of the form X~ = xj, ...xj, where m\ + ... + mh+i = m and mi, .... m/j < r v 
(which is the crucial condition). It is proved by induction on h (see |CP3j section 5, (e)) with the help 
of the relations itTTHl . Note that in (CP3J r v = 3. Now it suffices to prove that Ui.v is finite dimensional 
: indeed if m > r v h + dim(Ui.v) we have mh+i > dim(Ui.v) and X^ +1 .v = 0. It is shown exactly as in 
lemma 2.3 of [HP2] that Ut .v is irreducible as IVmodule, and so is finite dimensional. 

For (2) : let us write A — fx = on x + ... + a ih . The result is proved by induction on h. We have seen 
that Ui.v is finite dimensional. The induction is shown exactly as in (. I'JjJj (section 5. (b)) by considering 
the L\-^ +ai . and with the help of relation jsj. □ 

4.3. Category 0(U q (g)). In the following by subcategory we mean full subcategory. 
Definition 4.10. A U q {\)) -module V is said to be in the category (D(U q (t))) if: 

i) V is U q (t))-diagonalizable 

ii) for all lu G t)* , dim(V u ) < oo 

Hi) there is a finite number of element Ai, A s G f)* such that the weights of V are in [J D(\j) 

j=l...s 

A lfq(g) -module (resp. a U q {o) -module) is said to be in the category 0(U q (g)) (resp. 0(U q (g))) if it is in 
the category 0(U q (t))) as a U q {\)) -module. 

In particular we have a restriction functor res : 0(U q {g)) — > 0(U q (g)). 

For example a highest weight W 9 (g)-module is in the category 0(U q (g)) and the product ® is well-defined 
on 0(U q (g)). An integrable Z-highest weight module is in the category 0(U q (g)). But in general a Z-highest 
weight module is not in the category 0(U q (g)), indeed (C r [z] is the space of polynomials of degree lower 
that r): 

Lemma 4.11. Consider a l-weight G Pi and i £ I. If dim(L(LU,^)^- ai ) = r£H then there is 

P{z) G C r [z] such that P(z)Vi(z) = where ^i(z) = £ (*+,z r - %_ r z- r ). 

r>0 

In particular the existence of a P(z) G C[z] such that P(z)^i(z) = for alii G / is a necessary condition 
fori(w,*)GO(Z4(fl)). 
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Proof: Let Vo, Vi, ...,v r G L(lu, ^) such that: 

L(u),$>) u = Cv , L(u,$) = Cvi © ... ®Cv r 
For m e Z let = - *^ TO . As x^ m .v — 0, we have: 

* - ?i 

As a;~ TO .-yo G £(w, and xf m .Vj G L(w, ^1/)^, there are A^, \j? m G C (m G Z, 1 < j < r) such that: 

^m-^O = A^Ui + ... + A^U r , X+ m . Wi = fi^Vo 

In particular we have: *i, m+m ' = (ft - gf 1 ) J] Ki'^L- We set A J (z) = J] ^m' 2 ™ > = 

j — l...r m'£Z 

f^z 1, — x S^_ r z~ r and we have : 

r>0 

z- m * l (z) = (q l -q^) £ ^"(z) 
3=1. ..r 

So the {^(2), z^E'i(z), z r \l/i(z)} are not linearly independent. □ 

5. g- CHARACTERS 

For a quantum Kac-Moody algebra, one can define a character morphism as in the classical case. For 
quantum affine algebras a more precise morphism, called morphism of g-characters, was introduced by 
Frenkel-Reshetikhin |FR| (in particular to distinguish finite dimensional representations) . In this section 
we generalize the construction of g-characters to quantum affinizations. The technical point is to add 
terms k\ (A G f)*) to make it well-defined in the general case. We prove a symmetry property of q- 
characters that generalizes a result of Frenkel-Mukhin : the image of \q ls the intersection of the kernels 
of screening operators (theorem 15 .150 . 

5.1. Reminder: classical character. Let U q (g) be a quantum Kac-Moody algebra. Let £ C (f)*) z be 
the subset of c : f)* — > Z such that c(A) = for A outside the union of a finite number of sets of the form 
D{n). For A G h* denote e(A) G £ such that e(A)(/i) = 8\. M . £ has a natural structure of commutative 
Z-algebra such that e(A)e(/x) = e(A + /tx) (see |Ka| ). 

The classical character is the map ch : 0(U q (g)) — > £ such that for V G 0(U q {g)): 

ch(V) = 5^ dim(K;)c(w) 

ch is a ring morphism and ch(L(cji)) = <&i{L{wi)) => u>i = u)2- 

5.2. Formal character. Let U q {g) be a quantum affinization. In general the map ch o res does not 
distinguish the simple integrable representations in 0(U q {g)). That is why Frenkel-Reshetikhin |FR| 
introduced the theory of g-characters for quantum affine algebras. We generalize the construction for 
quantum affinizations. 

Let V be in 0(U q (g)). For u> G f)*, the subspace V u C V is stable by the operators 4>f± m (i G J, m > 0). 
Moreover they commute and [<f>f m , kh] — 0, so we have a pseudo- weight space decomposition: 

Vu = ^,7 
7/ (u,j)ePi 

where VL, 7 is a simultaneous generalized eigenspace: 

V Utl = {i£ VJBp G N, Vi G {1, ..,n},Vm > 0, (0± ±m - 7*±J p -z = 0} 
As Kj is finite dimensional the K, j7 are finite dimensional. 
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Let Ei C Pf be the ring of maps c : Pi — ► Z such that c(A, \&) = for A outside the union of a finite 
number of sets of the form D(p). 

Definition 5.1. The formal character of a module V in the category 0(U q (o)) is ch q (V) G Ei defined by: 

ch q {V) = ^ dwnO^,r)e(/i, T) 

We have the following commutative diagram: 

o{um) ^ £i 

I res |/3 

o(uM) f 

where (3 : £i —> £ is constructed from the first projection tti : Pi — > P. 



5.3. Morphism of g- characters. The combinatorics of formal characters can be studied with a mor- 
phism of g-characters Xq which is defined on a category 0- mt (U q (o)) : 

5.3.1. The category Oi„t(U q (Q)). Denote by 0\ nt (U q (o)) (resp. 0- mt (U q (g))) the category of integrable 
representations in the category 0(l4 q (g)) (resp. 0(U q (g))). For example a simple integrable /-highest 
weight W g (g)-modules is in 0- mt (U q (g)) . Moreover: 

Proposition 5.2. For V a module in Oi n t(U q (g)) there are P(a,*) > <= Pi ) such that: 

ch q (V)= P(x,*)ch q (L(\,*)) 
(A : *)eP, + 

Proof: We have two preliminary points: 

1) a submodule, a quotient of an integrable module is integrable. 

2) for V G 0\ nt (U q (Q)) a module and /i a maximal weight of V, then there is v G such that U q (g).v 
is a /-highest weight module : indeed for (fi, 7) G Pi such that V^, 7 ^ {0} there is v G VJj i7 — {0} such 
that Vi G 7, r > 0, <j>i± r - v — lt,±r v (because for alH G I, r > 0, Ker(0* ±r - 7^ ±r ) n VJ, i7 ^ {0}). 



The end of the proof is essentially made in |Ka| (proposition 9.7) : first we prove that for A G h* there 
exists a filtration by a sequence of submodules in Oi nt (U q (g)): V = Vt D Vt-i D ... D V\ D Vo — and 
J C {1, t} such that: 

(i) if j G J, then Vj/Vj-i ~ L(Xj,^j) for some (Xj, G P, + such that Aj > A 

(ii) if j £ J, then (V,/V,_i) p = for every /Lt > A 

(see the lemma 9.6 of \Ka\ ). Next for (//, G P ; + , fix A such that \i > A and introduce P^,*) the number 
of times (it, appears among the (Xj, (it is independent of the choice of the filtration and of it). We 
conclude as in proposition 9.7 of |Kaj . □ 



Definition 5.3. QP Z is the set of (/i,7) G Pi satisfying the following condition : 

i) there exist polynomials Qi(z), Ri(z) G C[z] (i G I) of constant term 1 such that in C[[z]] (resp. in 
C[[z-i]}): 

\p ± ±m = deg{Qi)-deg(Ri) QiCggj JjMggi) 

i/iere e:ris£ cj G P + , a G Q + satisfying fi = u — a. 
In particular P ; + C QP ; + ■ 

Proposition 5.4. LetV be a module in Oi„t(U q (g)) and (fx, 7) G p. If dim(V^ a ) > £ften (/i, 7) G <?P ; + . 
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Proof: The existence of the polynomials is shown as in |FR| (proposition 1): it reduces to the s^-case 
because for v £ V, Ui.v is finite dimensional. The existence of li £ P and a £ Q + is a consequence of 
proposition 15.21 and theorem 14.91 □ 

5.3.2. Construction of q- characters. Consider formal variables Y ia (i £ J, a £ C*) and k u (uj £ f)). Let 
A be the commutative group of monomials of the form to = FJ ^Ta &w(m) (&o = 1) where only a 
finite number of Ui, a (m) £ Z are non zero, uo{m) £ f) (the coweight of to), and such that for i £ I: 

ai(ui(m)) = nuiim) = Tj } j u^ q (to) 

aSC* 

The product is given by u^ a {mim2] = Wi, a (^i) + Ui,a(«"i2) and (^(toito^) = w(mi) + w(to2). 

For example for i £ 7, a £ C*, we have k v ^.)Yi ia £ A because for j £ /, ay^Aj)) = Ai(^(<x,-)) = 
rj-A^aJ) = r^j. For (fi,T) £ QP, + we define Y^r £ i by: 

where /3i j0 , 7i,a £ Z are defined by Qi(w) = FJ (1 — ua)^- 11 , i?i(w) = FJ (1 — ua) li - a . We have l^,r £ A 

aGC* aSC* 

because for i £ /: 

aj(^(^)) = n{v(ai)) = niJ,{oi() = ri(deg(Qi) - deg(Ri)) = nu^Y^) 

For x 6 ^ Z we say x £ 3^ if there is a finite number of element Ai, X s £ f)* such that the coweights of 
monomials of \ are in IJ v{D(\j)). In particular y has a structure of f)-graded Z-algebra. 

j = ..s 

Definition 5.5. The q-character of a module V £ O i n t(Mq(s)) is: 

Xq (v)= d(n,r)Y Mtr ey 

where d(fi,T) £ Z is defined by ch q (V) — d(fx,T)e(fj,,T). 
We have a commutative diagram : 

OintK(g)) 
I res 

O int (U q ( Q )) 

where for m £ A, (3{m) — e(u>(m)). 
If C is of finite type then the weight of a monomial m £ y is aj(m) — J2 u i( m ) l/ (^ L i) ■ So we can forget 

the kh, and we get the g-characters defined in |FR| . In this case the integrable simple modules are finite 
dimensional. 

Note that in the same way one can define the g-character of a finite dimensional Z// 9 (f))-module. 

5.3.3. Morphism of q-characters. Denote by Rep(U q (2)) (resp. Rep(^/ g (g))) the Grothendieck group 
generated by the modules V in Oi nt (U q (g)) (resp. 0- m t(U q (o))) which have a composition series (a 
sequence of modules V D ~V\ D V2 D ... such that Vi/Vi+i is irreducible). 

The tensor product defines a ring structure on Rep(W 9 (g)) and ch gives a ring morphism x '■ R e P(^<?(0)) ~~ ► 
£. 

The g-characters are compatible with exact sequences and so we get a group morphism \q '■ R e P(^?(fl)) ~~* 
y which is called morphism of g-characters. 



Xq 



ch 



y 

£ 
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Proposition 5.6. The morphism \q is injective and the following diagram is commutative: 

Rep{UM) ^ y 
I res IP 

Rep(U q (g)) £ 

The commutativity of the diagram follows from the definition. To see that Xq ls injective, let us give 
some definitions: 

A monomial m G A is said to be dominant if Ui ta (m) > for all i G /, a G C*. If a ^-weight (w, \&) 
belongs to then ^(uj,*) G A is dominant. Moreover the map (ui, "P) i— > Y(uj,9) defines a bijection 
between P ; + and dominant monomials. For m G A a dominant monomial we denote by L{m) G ^ the 
g-character of L(w, <&) where (w, "J) is the corresponding dominant l-weight. In particular L(m) = m + 
monomials of lower weight (in the sense of the ordering on P), and so the L(m) are linearly independent. 

A module with composition series in determined in the Grothendieck group by the multiplicity of the 
simple modules, and we have seen that the x g (L(A, $)) ((A, *f>) G are linearly independent in y. So 
Xq is injective. 

5.4. ^-characters and universal 7?.-matrix. The original definition of g-characters ([EE]) was based 
on an explicit formula for the universal 7?.-matrix established in |KT1 ILSSl IDaj . In general no universal 
7?.-matrix has been defined for a quantum affmization. However g-characters can be obtained with a piece 
of the formula of a "7?.-matrix" in the same spirit as the original approach: 

We refer to the chapter 3 of |Gnj for general background on /i-formal deformations. Consider Uh{q) the 
C[[/i]]-algebra which is /i-topologically generated by f) and the xf r (i G I,r G Z), h iiTn (i G I,m G Z— {0}) 

and with the relations of U q (o) (where we set for cj G t), k u = exp(hu))). The subalgebra Uh(h) C Uh{&) 
is /i-topologically generated by f) and the hi >m (i € I,m G Z — {0}). 

If V is a Z// g (g)-module (resp. U q (t))-modu\e) which is W g (f))-diagonalizable then we have an algebra 
morphism n v (h) : U h (o) -> End(V)[[/i]] (resp. n v (h) : Z4(fj) -> End(V)[[h}]) (Remark : for A G fj*, 
u> G f), v G V\ we set u.v = X(u)v). 

Define 1Z° and T in Wh(f))®W/i(f)) C Uh{Q)®Uh{Q) (/i-topological completion of the tensor product) by the 
formula : 

TZ° = exp(-(g -q- 1 ) ]T ]^B itj (q m )h m hi, m ® /» A _ m ) 
T = exp(-/i ^ AV <g> !/(«<)) 

l<i<2n-i 

Remark : we have the usual property of T (see |FRj ): for A, /x G f)*, x G Vx, y G T^, we have T.(x ®y) — 
q-(*,p)( x y ). Indeed: 

]T A(A^(i/(oi)) = (m, E A(A, v K) = (m,A) 

l<i<2n-i l<i<2n-Z 

For i G /, m G Z — {0} denote /ij. m = J2Cj,i(q m )hj, m . We have an inclusion A C %(()) because 
the elements Y ia — fc T ^(A i )exp(=F(q — g -1 ) J2 h m a~ m h^ m ) G ^(g) (t £ J,a 6 C*) are algebraically 

m>l 

independent. 

Theorem 5.7. For V a /zraie dimensional U q {\)) -module, ((TVy ° 7ry(/i)) ® Id)(lZ°T)) G %(f)) is eguaZ 
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Proof: For (A,*) S Pi consider V (A ,*) and ((Tr V(x ^ o tt V(x <9) (h)) <g> Id)(ft°T). First we see as in FR 
that the term TZo gives Y\ y. u a s,a ' rA *' . But we have: 

A(A>( ai )=K £ A(A i v )a i ) = KA) 

l<i<2n-Z l<i<2n-i 

and so T gives fc-y(A) ■ D 

In general for V € 0- mt (U q (Q)) we can consider a filtration (V r ) r >o of finite dimensional sub W g (f))-modules 
of V such that \JV r = V; so Xq(V) is the "limit" of the ((Tr Vr o n Vr (h)) <g) Id)(ft°T) in y. 

r>0 

5.5. Combinatorics of q- characters. In this section we prove a symmetry property of general q- 
characters : the image of Xq is the intersection of the kernels of screening operators (theorem I5.15J1 . 
Our proof is analog to the proof used by Frenkel-Mukhin |FMj for quantum affine algebras; however 
new technical points are involved because of the k\ and infinite sums. In particular it shows that those 
g-characters are the combinatorial objects considered in |H3: (which were constructed in the kernel of 
screening operators). 

In sections l5~5l a,ndlfilwe suppose that C(z) is invertible (it includes the cases of quantum affine algebras and 
quantum toroidal algebras, see sectionEJ. We write C(z) — where d(z), C[^{z) G Z[z ± ]. For r € Z 
let Pi,j{r) — [(D(z)C' (z))ij] r where for a Laurent polynomial P(z) 6 Z[z ± ] we put P(z) = ^ [P{z)] r z r . 

5.5.1. Construction of screening operators. Let y mt C y be the subset consisting of those X £ y satisfying 
the following property : if A is the coweight of a monomial of x there is K > such that k > K implies 
that for all i € I, A ± kriCt[ is not the coweight of a monomial of X- 

Lemma 5.8. y mt is a subalgebra of y and Im(x q ) C y tnt . 

Consider the free 3 ;mt -niodule 3j = f\ y int Si, a and the linear map Si : y int — > X such that, for a 

aeC* 

monomial m : 

§i(m) = m^rui ta (m)Si ta 

aGC* 

In particular Si is a derivation. Let us choose a representative a for each class of C*/qf z and consider: 

y<= n y ints ^ 

aec*/<?? z 

For i G / and a £ C* we set: 

M,a = kiY iaq -lY iyaqi Y\_ Y 3-aq r G ^ 

j/Cj,i<0 , r=Cj,i+l,Cj,i+3,...,-Cj,i-l 

We have Ai <a £ A because for j £ I: ay(riO^) — ridj = rjCjj = rjUj(Ai ia )- 

We would like to see 3^ as a quotient of y by the relations Si, aqi = A i ^ a S i aq -\. But the projection 

is not defined for all elements of y because there are infinite sums. However if x £ y mt and to is a 
monomial of x there is a finite number of monomials in x of the form mA^ aqi A7 a ^...A^ aq r or of the form 

aq^ 1 A~^ q -3 ■■ -A~^^ r . So the projection on 3« is well defined on Si(y mt ) C 3V In particular we can 

define by projection of Si the i th screening operator Si : y mt — > 3V 

The original definition for the finite case is in |FRj . 
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5.5.2. The morphism T{. Some operators r, (i G /) were defined for the finite case in |JT\(|. We generalize 
the construction and the properties of the operators Ti ( lemma l5~9l and If) . 1011 . 

Let i G /. Denote f)^ = {lo g E)/a!;(w) = 0}. 

Consider formal variables # (r G Z), fc w (<j G f)), (a G C*), Z j>c (J € I — {i}, c G C*). Let A w be 
the commutative group of monomials : 

aec* jei,j^i,cec* 

where only a finite number of u, i0 (m), Zj. c (m),r(m) G Z are non zero, w(?n) G f)^ 1 and such that r(m) = 
riUi{m) — r.i Uj )0 (m). The product is defined as for A. We call (r(m), u>(m)) G Z x the coweight 

aSC* 

of the monomial m. 

Let ^ : A —* AM be the group morphism defined by (j G /, a G C*, A G f)): 

(note that it is a formal definition because Yj !a k„^\A G A but Yj, a A). It is well defined because for 
rn G A, a>i(u)(m)) = rjtti(m) and 0^(^(777) — <Xj(o;(m))^f-) = 0. 

Lemma 5.9. The morphism Ti is infective and for a G C* we have: 

Ti{Ai t a) = k2r i Y iaq -i-Yi taqi 

Proof: Let rn G A such that Tj(m) = 1. For a G C* we have Ui, (m) = ttj >0 (Ti(m)) = 0. For k G I, 
a G C* denote a (m)(z) = J2 u k,aq r (m)z r G Z^]. For j & I — {i}, we have : 

= z J>9 fl(T 4 (777)) = 2J Pk,j{r')u k ,aqr{rn) = {^C' ktj {z)u k , a {rn){z)]R 

keI,r+r'=R kel 

As C(z) is invertible we get Uk } a{m) = for all a G C*. In particular for j G / we have aj(u;(m)) = 
rjUj(m) = 0. But cj(7n) — aj(a;(m))-^- = = w(m) and so m = 1. 

For the second point let M = n(Ai ia ). First for b G C*, Ui t b(M) = Ui t b(Ai ta ) — 5 a /b, q% + & a /b,qr~ L - For 
R G Z and j i we have: 

z J>g *(M) = [((7'(z)C7(z)) lJ ] fl = [(d(«)I>(z))ij]fl = 

Finally we have r(M) = na^crf) = —2ri and uj(M) — na^ — nai{a()^- = 0. □ 

Formally we have Tj(fcj) = k^}. and for j £ I — {i} Ti(kj) — k^ .fe Q (i) where otj = TjOj — -jf-oti ■ This 
motivates the following definition: for (r, w) G Z x f)^ denote : 

D(r,w) = {(r',ci/) G Z x f^-/w' =u>- ^ m-jOtf ,r' = r- ^ /<', - 2nk/ mj , k > 0} 

Define y nt <« c (A«) z as the set of x such that : 

i) there is a finite number of elements (ri, u>\), (r S) u> s ) £ Zxfjj 1 such that the coweights of monomials 
of x are in (J D(rj,u>j). 

j=l...s 

ii) for (r, A) the coweight of a monomial of x there is K > such that k > K implies that for all j G /, 
j 7^ i, (r ± Bj ik, A ± fca^') and (r ± 2fcri, A) are not the coweight of a monomial of \. 

In particular y mt '^ has a structure of Z x ^-graded Z-algebra. 
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The morphism r, can be extended to a unique morphism of Z-algebra r, : y mt — > }> mt >M. Denote by x\ 
the morphism of g-characters for the algebra U qi (sZg). 

Lemma 5.10. Consider V £ Omt(^(§)) and a decomposition Ti{\ q {V)) — J^PkQk where 

k 

Pk G ^K^^irJaeC* > Qk is a monomial in Z[Z^ C , kh]j^i .aeCftfEij 1 an ^ a ^ monomials Qk are distinct. 

Then there exists a Ui-module (J)Vfc isomorphic to the restriction ofV to Ui and such that x\(Yk) = Pk- 

k 

Proof: Let U q (\))^ the subalgebra of U q (o) generated by the kt (h G i)^), hj im (j 7^ i, m € Z — {0}). We 



can apply the proof of lemma 3.4 of |FM] with C/j and U q because : 

i) Ui and U q (l))^ commute in U q (o) 

ii) The image u — a^cu)^- in f)^ 1 of ui G fj suffices to encode the action of the k h (h G t)^) on a vector 
of weight i/ ,_1 (cj) = A. Indeed for h € h^, we have: 

because ai(h) = =4> v~ 1 {a{) = 0. □ 

5.5.3. r, and screening operators. In this section we prove that Im(x q ) G Ker(Si) (nronosition l5.12|) with 
a generalization of the proof of Frenkel-Mukhin |FM| . 

Consider the ^ int ' (l) -module = J] D^'^^.o and the linear map Si : y int ^ -> yf 1 such that, for 

a6C* 

a monomial m : 

Si(m) = m ^2 iH,a(m)Si ia 

aeC* 

In particular S z is a derivation. Consider yf = Jl y nt ' (<) <%,<.• The S % (y int '^) G can be 

a&C/qf- 

projected in J/^ by the relations : 

<?■ — V- V 1 fc^ f 1 
and we get a derivation that we denote also by S t : ^ int ' (l) -> }f ^ 

We also define a map r» : ^ — > in an obvious way (with the help of lemma E^ . We see as in lemma 
5.4 of EMl that: 



Lemma 5.11. We have a commutative diagram: 

yint _^ y. 

in In 

yint,(i) 21 ; y. 

With the help of lemma, l5~9l 15 . 1 fll and 15 . 1 II we see as in corollary 5.5 of [FM; 

Lemma 5.12. We have Im{xq) C f] Ker(Si). 

iei 

In the following we denote = Ker(S'i) and M. — f)&4. 

iei 

Lemma 5.13. An element x G y mt is in Mi if and only if it can be written in the form x = J^PkQk where 

k 

Pk G Z[fc I/ (A i )5 / i,o(l + A>«i)laeC», Qk is a monomial in %>[Yj <a , M^aec .heP"- 1 - an< ^ a ^ monom ^ s Qk 
are distinct. 
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Proof: We use the result for the s^-case which is proved in |FR| . First an element of this form is in £j. 
Consider x € Mi and write Ti(x) — ^P'kQ'k as m lemma 15.101 From lemma IB, 111 we have = Si(x) = 

k 

Y<Si( P k)Qk- So all Si{P^) = and it follows from the sZ 2 -case that P' k € Z\Y i>a k^ + YrKk%] a€C .. 

k I,a<?i 

The lemma lead us to the conclusion. □ 

5.5.4. Description of Im(xq)- Dominant monomials are defined in section lfi.3.31 We have: 
Lemma 5.14. An element x S & has at least one dominant monomial. 

With the help of lemma IB .131 we can use the proof of lemma 5.6 of |FMj (see also the proof of theorem 
4.9 in |H1] at t = I). 

Theorem 5.15. We have Im{x q ) = Moreover the elements of A are the sums: 

\ m L(m) 

m dominant 

where X m = for u)(m) outside the union of a finite number of sets of the form D(ji). 

Proof: The inclusion Im(x 9 ) C A is proved in lemma, l5~12l For the other one, consider x£i We can 
suppose that the weights of x are m a set D(X) (because the weights of each L(m) are in a set D(fj,)). We 
define by induction L^ k \m) S Im(xq) (k > 0) in the following way: we set = J2 [x]mL{m). If 

ulrn)— A 

is defined, we consider the set Ak+i of monomials ml which appear in x — L^ such that A — uj(m') = 
m\r\aX + ... + m n r n a^ where mi, m n > and mi + ... + m n = k. We set: 

7n'eA k + 1 

Then we set L°° = J2 [L^] m L(m) e Jm(x q ) and it follows from lemma l5~14l that L°° = x- □ 

k>0/m£A k 

Note that proposition E21 gives that for Xq(Y) (Y module in 0\ nt (U q (Q))) the A m are non-negative. 

Remark: for m G A a dominant monomial we prove in the same way that there is a unique F{m) € A such 
that m has coefficient 1 in F(m) and m is the unique dominant monomial in F(m). In the finite case an 
algorithm was given by Frenkel-Mukhin [FMJ to compute the F(m). In |H3| we extended the definition 
of the algorithm for generalized Cartan matrix and showed that it is well-defined if i ^= j CijCjj < 3 
(see also |H2j for the detailed description of this algorithm at t — 1). Theorem 15 . 1 51 allows us to prove 
two results announced in |H3j : the algorithm is well defined for 

A^ (with n = r 2 = 2) because det(C(z)) = z 4 - z 2 - z~ 2 + z~ 4 ^ 

Af ] (with ri = 4, r 2 = 1) because det(C(z)) = z 5 - z - z^ 1 + z~ 5 ^ 

But for Ai (with r\ = r 2 = 1) we have det(C(z)) = 0; we observed in |H3| that the algorithm is not 
well-defined in this case. 



6. DRINFEL'D NEW COPRODUCT AND FUSION PRODUCT 

Our study of combinatorics of q-characters gives a ring structure on Im(x 9 ) (corollary 16. 111 . As Xq m 
injective we get an induced ring structure on the Grothendieck group. In this section we prove that it 
is a fusion product ( theorem 16. 21) . that is to say that the product of two modules is a module. We use 
the Drinfel'd new coproduct (proposition 16.311 : as it involves infinite sums, we have to work in a larger 
category where the tensor product is well-defined (theorem 16 .711 . To end the proof of theorem 16.21 we 
define specializations of certain forms which allow us to go from the larger category to 0(U q (g)). Note 
that in our construction we do not use that C(z) is invertible. 
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6.1. Fusion product. As the Si are derivations, theorem 15.151 gives : 
Corollary 6.1. Im{xq) is a subring of y . 

Since \q ls injective on Kep(U q (g)) , the product of y gives an induced commutative product * on 
Rep(U g (g)). For (A, <f), (A', <&') G P t + there are Qa,*,A',*'G", $) G Z such that: 

L(A,*)*L(A',*') =i(A + A',**')+ X! QA,* > A',*'(^.*) i (A*,*) 

(M,*)eP, + /f<HA' 

We will interpret this product as a fusion product related to the basis of simple modules : that is to say 
we will show that a product of modules is a module (see [F] for generalities on fusion rings and physical 
motivations). Let us explain it in more details : consider : 

Rep + (U q (g))= N.L(A,¥) C Rep(Z7 g (fl)) = Z.L(A,*) 

(A,*)eP+ (A,*)eP+ 

Theorem 6.2. The subset Rep + (U q (g)) C Rep(U q {g)) is stable by *. 

In this section|lj|we prove this theorem by interpreting * with the help of a generalization of the new Drin- 
fel'd coproduct. Note that theorem I6.2l means that for (A, \f r ), (A', \&') G P z + we have Qa,*,A',w(M) < ^ > ) — 0. 

6.2. Coproduct. 

6.2.1. Reminder: case of a quantum affine algebra and Drinfel'd-Jimbo coproduct. As said before the case 
of a quantum affine algebra is a very special one because there are two realizations (if we add a central 
charge); in particular there is a coproduct on U q (g), a tensor product on Oj nt (U q (g)) and Rep(U q (g)) is a 
ring. It is the product * because it is shown in |FRj that \q is a rm g morphism. In particular the tensor 
product is commutative. So theorem 16.21 is proved in this case. 

6.2.2. General case : new Drinfel'd coproduct. In general we have a coproduct : U q {\)) — * U q {\))®U q {\)) 
for the commutative algebra U q (i)) defined by (h 6 P* , i 6 7, m ^ 0): 

= k h ®k h , Ag(/l i)fn ) = 1 (g) hi, m + hi, m ® 1 

In particular we have (i £ 7, m > 0) : AMf ±m ) = £ <t£±( m -Q ® <^t±r 

o<;<m 

No coproduct has been defined for the entire U q {g). However Drinfel'd (unpublished note, see also 
|DII IDFj l defined for U q (sl n ) a map which behaves as a new coproduct adapted to the affinization 
realization. In this section we use those formulas for general quantum affinizations; as infinite sums are 
involved, we use a formal parameter u so that it makes sense. 

Let C — C((u)) be the field of Laurent series Yl A r M r (R G Z, A r 6 C). The algebra U q (g) is defined in 

r>R 

section EH Consider the C-algebra U' q {g) = C ®U q {g) (resp. U q {g) = C®U q {g)). Let U' q {g)®U' q {g) = 
(U q (g) ®cW ? (g))((ii)) be the u-topological completion of U' q {g) ®cW q {g). It is also a C-algebra. 

Proposition 6.3. There is a unique morphism of C-algebra A u : U' q (g) — > U q {g)®U q (g) such that for 
i G 7, r G Z, m > 0, h G f): 

Au(< r ) = <r ® 1 + ® <r+j) 

M^tfcm) = E U± '^,t±(m-Z) ® ^±i) > A «(^) = ** ® fc f 
0</<m 
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Proof: We can easily check the compatibility with relations (1 1 H , Ill2t , 11. til , (1 1-41) , 111511 , 11 (ill because A u 
can also be given in terms of the currents of section l3~2l we have in (U' q (g) <E>c M' q (g))[[ z , : 

A u (xf(z)) = xf(z) ® 1 + fa (z) ® xl(zu) , A u (x^(z)) = 1 ®xj{zu) + xj{z) <g> <pf(zu) 

A u {4>t{z)) = ^t{z)®<t>t{zu) 

□ 

Remark 1 : If C is finite or simply laced then A u is compatible with the affine quantum Serre relations 
(relations IjlOjl l and can be defined for W q (g) (see [Dlj for finite symmetric cases and [El IGr| for other 
finite cases). We conjecture that it is also true for general C, but we do not need it for our purposes. 

Remark 2 : let T : U q {g) — > U'Jg) be the Z-gradation morphism defined by T{x ir ) — u r xf r7 T(4> im ) — 
u m (j)f m , T(kh) = kh- The u is put in such a way that A u = (Id ® T) o A where A is the usual new 
Drinfel'd coproduct (without u). 

Remark 3 : The map A u is not coassociative , indeed in (U q (g) <8>c U' q {g) <8>e U' q {g))[z}\ 

((A„ ® Id) o A„)(0+(z)) = 0+(z) ® ^(az) $ </>+(wz) 

((Id ® A„) o A u )(0+(z)) = <f>+(z) <8> 0+(u«) ® 0+(« 2 «) 

Remark 4 : Although is is not defined in a strict sense, the "limit" of A„ at u = 1 is coassociative. On 
U q (i)) the limit at u = 1 makes sense and is A?, 

6.3. Tensor products of representations of U q (g). As the coproduct involves infinite sums, we have 
to introduce a category larger than 0{U q (g)) in order to define tensor products: 

6.3.1. The category 0(U q (g)). 

Definition 6.4. The set of I, u -weights Pi >u is the set of couple (A, ^(u)) such that A 6 f)*, \t(u) = 
(**± m («))i 6 /,m>o, G C^ 1 ] and *±(u) = 9l ±A(ar) . 

Definition 6.5. 4n object V of the category 0(U'(g)) is a C-vector space with a structure of U' q {g) -module 
such that: 

i) V is U q ^C])-diagonalizable 

ii) For all A G ()*, the sub C-vector space V\ C V is finite dimensional 

Hi) there are a finite number of element X%, A s G f)* such that the weights of V are in [J D(Xj) 

j=l...8 

iv) for A € f)*, V\ = © V(A,*(u)) where: 
(A,*(u))eP!,„ 

V XMu) = G F A /3p G N,Vz 6 {1, ...,n},Vr > 0, (<^ ±r - *±±») p .s = 0} 
The property iv) is added because C is not algebraically closed. 

The scalar extension and the projection U q (g) — > U q {g) gives an injection i : 0(U q (g)) — ► C(W^(g)) such 
that for y e 0(W g (fl)), i(V) = V ® C. 

Let C P z z u be defined as The formal character of a module V in the category 0(U q (g)) is: 

ch q . u (V) = ^2 dim c (V Mi r (tl) )e(^,r(u)) 6 £ L 

(M,r(«))eF,,„ 



V; V 



fe((A,*)) = 


: (a (*^r 


0(Z/,(fl)) 


ch g 

> 


Ii 


I 


o(w;(a)) 


► &Lu 
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In an analogous way one defines the category 0(U'(q)) and a formal character ch q>u on 0(U' q {Q)). 
6.3.2. Tensor products. We consider subcategories of 0{U q (o)). Let R G Z, R > 0: 

Definition 6.6. R (U' q (Q)) is the category of modules V G 0(Z^(§)) smcA that for all A 6 \)* , there is a 
C -basis (v^) a of V\ satisfying : 

i) for all to G Z, a, ft, the coefficient of xf m .v^ on v^ +a% (resp. of x~ m .v^ on v^~ ai ) is in C[[it]] if 
to > 0, in u Hm C[[u}} ifm<0. 

ii) for all to > 0, a, (3 the coefficient of 4>i-m- v ot on v p * s * n w — m,R C[[ti]] 
Hi) for all m > 0, a, /3 the coefficient of 4>t m - v a 071 v a * s * n ^--[M] 

Example : For V € we have £ O (W 9 (g)). 

Theorem 6.7. Lei V\ G O(W 9 (0)) and V2 G R {U q {Q)). Then A u defines a structure of U' q (g) -module 
on i(Vi) (g>c V2 which is in R+1 (U' q (Q)). Moreover the l,u-weights of i(V\) <8c V2 are of the form (\\ + 
A2, 7i (2)72 (wz)) where (Ai.,71) is a l-weight ofVi and (A2,72) is a l,u-weight 0/V2. 

Remark : 7(u)(z) = 71 (2)72(11,2:) means that for i £ J,m > : 

E (7i),,±K«)(72) l , ± ( m -o(«)« ±(m - i) 

0<(<m 

Proof.- As the definition of A u involves infinite sums, we have to prove that the action formally defined 
by A u makes sense on V{ ®c V2 where we denote V{ — i{V\). Indeed the weight spaces of V{ and V2 
are finite dimensional and for A, [i G rj* we can use a C-base (v^' ) a of (Vi)a as a C-base of (V{)\ and 
the C-basis («^) of given by the definition of R (U q (g)). So consider A, fi G f)*, i G / and let us 

investigate the coefficients (r G Z, to > 0): 

we have x+ r .((V{) x ® (V 2 ) M ) C (V^) A+ai ® (F 2 ) M © (Vfl A ® (V 2 Wa«. 

on (T//) A ® (V 2 ) At +a i : the coefficient of x+ m .(^ A ® on i^' A ® w^ +Ql is in £> r +'C[[u]] C C[[u]] 

z>o 

if r > 0, in ^w r +'u fl ( r+ ')C[[u]] C u( R+1 ) r C[[«]] if r < 0. 
/ -ii 

on (Vi')A+a< ® (^2)^ : the coefficient of xf .(v^ ® u a' ) on «a +a< ® * s m 

we have xT r .((V{) x ® (F 2 ) M ) G Ml)a-c«, ® (^a) M © (Vi)a ® (V^-*. 

on (F/)a ® (V^-a, : the coefficient of x^ r .(vl l ' X ® v^f) on vi' A ® v^f~ a ' is in u r C[[u]] G C[[u]] if 
r > 0, in w r u fir C[[w]] if r < 0. 

on (ViOa-o, ® (Vi) M : the coefficient of a^r-K^ ® v") 011 % A ~" 1 ® is in 2>'C[[u]] <= C[[u]]. 

Z>0 

we have 4>t ±m .{{V() X ® (V 2 ) M ) C ((V?)a ® (F 2 )^). 

the coefficient of 4>tm-{ v a A ® on w /3 A ® U /3' M ^ s m £ u'C[[u]] C C[[u]]. 

0</<m 

the coefficient of (j>~_ m .(vy ® v M ) on <g> t^f is in ^ U - Z M- ii? C[[u]] C u-^^+^CfM]. 

0</<m 

So we have a structure of ^(g)-module on V{ (S>c V2. Let us prove that it is in 0{U q {o)). We verify the 
properties of definition 16.51 i) ii) iii) are clear because the restriction of A„ to U q (t)) is the restriction 
of Ag. For iv) we note that for (Ai,7i), (A 2 ,7 2 ) G P^ u , the {V{)\ ini ® (^)a 3 ,72 is m the pseudo weight 
space of ^,u-weight (Ai + A 2 , 71(2)72(2^)) because A u (4>f(z)) — 4>f(z) ®<f)f(zu) (it also proves the last 
point of the proposition). 
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Finally we see in the above computations that the coefficients verify the property of 

R+l {U' q {g)), 80 V{ ®c V 2 is in R+1 {U' q {g)). □ 

Definition 6.8. For R > 0, we denote ® fl : 0(U q (g)) x R {U' q {g)) -» R+1 {U' q {g)) the bilinear map 
constructed in theorem \fi.l\ 

See section E3I f° r explicit examples. For R>2 and Vi, V%, Vr G 0(Wg(jj)), one can define the iterated 
tensor product Vi ®r-2 (V 2 (g>fi- 3 (•■■ ®o Vr))...) which is in O r ~ 1 {U' q {g)) . 

6.4. Simple modules of U' q {g). 

6.4.1. l,u-highest weight modules. For (A, ^(u)) G Pi, u , let M(A, ^(u)) be the Verma U' q (g) module of 
highest weight (A, ^(u)) (it is non trivial thanks to the triangular decomposition of U q {g) in lemma l3.10jl . 
So we have an analog of nronosition l4.6l : for (A, ^(u)) G Pi, u , there is a unique up to isomorphism simple 
^(§)-module 7(A, ^(u)) of I, M-highest weight (A, ^(u)) that is to say that there is v G L(A, ^(u)) such 
that (ieI,reZ,m>0,/ief)): 

x+ r .v = , L(A,*(«)) - U' q {g).v , <f>f )±m .v = *f i±m {u)v , k h .v = g A W.^ 

In a similar way one define the simple ^(g)-module L(A, ^f(u)) of i, u-highest weight (A, *(it)) (it is non 
trivial thanks to theorem 13,21) • 



Lemma 6.9. For (X,^(u)) G Pi. u we have an isomorphism of U q (i)) -modules L(X,^(u)) ~ L(A, ^(u)). 

Proof: Let M'(A,*(u)) G M(A,*(u)) be the maximal proper ^(g)-submodule of Af'(A, It 
suffices to prove that f_.l is included in M'(A, ^(u)) (see section 13.3.41 it implies that L(A, ^(u)) is also 
a ^(g)-modules). It is a consequence of lemma 13.111 □ 

In particular L(X,^(u)) G 0(U' q (g)) & L(A,*(it)) G C(^(fl)) and in this case eh g , u (7(A, = 
ch, jU (L(A,*(u))). 

6.4.2. Tfte cafcgorj/ O mt (^(g)). 

Definition 6.10. QP^ U is the set of (X,^f(u)) G -Pz, u satifying the following conditions : 

i) for i G 7 i/iere exis^ polynomials Qi. u (z) = (1 — zai.iM bi l )...(l — za^^u ,'•"*), Ri tU (z) = (1 — 
«Ct ) iti d *' I )...(l — zCj N'U d '- N i) (a,i.j,Cij G C* , bi,j,dij > 0) such that in C[it, m -1 ] [[z]] (resp. m 

C[u,u '][[* ] }]): 

E,T,± /„\,±r _ „deg(Qi, u )-degW,u) Qi,u{ Z 1i )Ri,u{ Z( li) 

r > Qi,u{ z li)Ri,u\ Z( li ) 

ii) there exist u G P + , a G Q + satisfying X = uj — a. 

P^~ u is the set of (A, ^(u)) G QP^ U such that one can choose Ri. u — 1 (in this case we denote Pi :U = Qi, u ). 

Lemma 6.11. 7/ (A, G then L(X, *(«)) G (9(Z^(|)). Moreover for (fi,j(u)) G PJ >tl we ftaue 

dim(£(A,*(«)) M , 7(u) ) ^ => (/ijH) G QPj+ . 

Remark : it follows from lemma EOH that we have the same results for L(X, &(u)) G 0(U'(g)). 
Proof: Let (A, *f?(u)) G and decompose Pi, u {z) in the form : 

PA z )=P?\ z )Pl 1 \uz)~M R \u R z) 
where i? > 0, 7^ (fc) (z) G C[z], P- k) (0) = 1 for < k < R (R can be taken large enough so that we 
have this form for all i G 7), For < k < R, set ^ k \z) = qf^^ ^p^P - For 1 < fc < i? define 
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X k = £deg(P s (k) )A l G \)*. Set A = A - £ X k- Then for < k < R the (A fc , G P+ and we can 

ieJ fe=l...R 

consider L(X k , £ 0(Wg(fl)). Let V G ©^(^(fl)) be defined by : 

V = i(L(Ao, * (0) )) (i(L(Ai, * ®p- 2 ...(i(i(A fl _i, ® i(i(AB, 

Consider the submodule L of V generated by the tensor product of the highest weight vectors. 

It is a highest weight module of highest weight (A, ^(u)). So L(A, ^(u)) is a quotient of L and so is in 

For the second point it follows from proposition GQ] that the I, M-weight of i(L(Xk, are in QP^ U - So 

with the help of the last point of theorem 16.71 we see that the I, u- weights of V are in QP^ U and we have 
the property for L(X, 4 r (u)). □ 

Definition 6.12. Let O i n t(U q (g)) be the subcategory of modules V € 0(U' q (g)) whose l,u-weights are in 

Q p L- 

Lemma 6.13. For a module V G Oi n t{U' q (g)) there are P(a,*(«)) > ((X, ^(u)) G P^ u ) such that: 

ch q , u (V) = ^2 p (A,*(«))cft 9 ,n(i(A,*(u))) = ^2 P(x^(u))ch q , u (L(X,^(u))) 
(A,*(u))eP+ u (A,*(«))eP+„ 

Proof: Analogous to the proof of proposition [Ol (the second identity follows from lemma IfiH . □ 

6.5. C[M ± ]-forms and specialization. 

6.5.1. Ciu^-forms. Let =W g (fl) ®c C[u±] C Z^(fj). 

Definition 6.14. ^4 C[u ± ]-/orm o/ a U' q {o) -module V is a sub-U^(g) -module L of V such that the map 
C ®c[«±] i ^ is an isomorphism of U' q (o) -module. 

Note that it means that L generates as C-vector space and that some vectors which are C[zi ± ]-linearly 
independent in L are C-linearly independent in V . 

Let us look at some examples: 

Proposition 6.15. For (A, ^(u)) G Pl u and v a highest weight vector of the Verma module M(A, ^(u)) 
(resp. the simple module L(X,^(u))), the U q (g)-module U q (g).v is a C[u ± ]-/orm of M(X,^(u)) (resp. 
of L(X,^(u))) which is isomorphic to the Verma (resp. the simple) U q (§) -module of l,u-highest weight 
(A, *(«))• 

Proof: As (A, ^(u)) is fixed, we omit it. M is the quotient of C Cg>c Uq{o) by the relations generated 
by xf r = 4>t± m ~ ^f± m ( u ) = kh — q x ( h ^ = 0. So the relations between monomials are in Cl^] and 
U q (fl).l C M is a C[u ± ]-form of M. Moreover those relations are the same as in the construction of the 
Verma (§)-module M u as a quotient of C^] ®c U q (o); and so U q (fl).l ~ AP. 

Let us look at L. Denote by L u the simple W^(g)-module of highest weight (A, ^(u)). We have L = M/M' 
(resp. L u = M u /M' u ) where Af (resp. M' u ) in the maximal proper submodule of M (resp. M"). 

The C-subspace M" of M generated by Af u is isomorphic to C ®c[«±] M' u (because AP is a C[u ± ]-form 
of Af). As M" has no vector of weight A, it is a proper submodule of M and M" C M'. Suppose that 
Af ^ M" and consider M'/M" C M/M". M u /M' u is a C[u ± ]-form of M/M". Let u be a non zero 
highest weight vector of M'/M" and let us write: u = ^2f a {u)v a where u Q G M u /M' u and /«(«) £ C 

a 

(as there is a finite number of f a (u), we can suppose that they are C[w ± ]-linearly independent). For all 
i G I, r G Z, we have x/" r .« = and so for all a, xf r .v a = 0. Fix w a G M u whose image in M u /M' u is 
v a . As for alH G I, r G Z, xf r .w a G A/'", U q (g).w a is a proper submodule of M n and w Q G A-f". So 
v = 0, contradiction. So M' = M" . In particular Af' ~ M' u ® C [«±] C, Af n Af n = Af". 
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For v a highest weight vector of L, the U%($).v ~ U q {s)-1 = M U /{M U n M') = M u /M' u = L u is a 
C[u ± ]-form of L. ' □ 

6.5.2. Specializations. Consider p : £\ >u —> £/ the surjection such that p((A, ^(u))) = (A, *(1)). 

Lemma 6.16. Let V be in 0(W q (g)). If L is a C[u ]~ form ofV then the specialization L' = L/(l — u)L 
of L is in 0(U q {o)) and ch q (L') = p(ch qiU (V)). 

Proof: Indeed for (/j,, 7(1*)) E QPi, u consider L^ua = ZnV^, 7 ( M ). Asp : L(g>cr«]C — » V is an isomorphism, 
we have V^ 7(u ) ~ p~ 1 (V M:7(u )) = i M („)®c[«]C. In particular L^ n { u ) is a free C^] of rank dim c (V Mj7 ( u )). 
So dimc(i^) = dimc(V^), and L' E We can conclude because: 

(A, 7 («))Gp- 1 ((A,7)) 

□ 

6.5.3. Proof of theorem \(i. l A For (A,^(m)) E it follows from proposition 16 . 1 51 and lemma I?) .161 that 
p(chg )U (X(A, is of the form ch (L) where L E 0j nt (W o (g)), that is to say p(ch giU (L(A, E 
ch 3 (Rep+(W (£))). So (lemmaE33 for V E O int (C^(fl)) we have p(ch q , u (V)) E ch (Rep+(W (g))). 

Consider Vi, V 2 E Oint(Wg(|)). We have seen that p(ch,, tt (i(Vi) <Z>o E ch (Rep + (W (fl))). But : 

p(ch, lU (t(Vi) ® TO) = ch,(Vi)ch,(V 2 ) 
because the specialization of A„ on ^/g(f)) at zt = 1 is Ag. This ends the proof of theorem 16.21 □ 

6.6. Example. We study in detail an example in the case g — sfa where everything is computable thanks 
to Jimbo's evaluation morphism (see jCP3llC"P4] l, In this case we have lA q {sl2) = U q {sl2). 

For a E C* consider V = L(l — za) E Oi nt (U q (sl 2 )) ■ V is two dimensional V = Cv © Cvi and for r E Z, 
to > 1 the action o{U q {sl2) is given in the following table: 





Vo 









a r v 




a r vi 





4>± m 


±(q - q- L )a ±m v 


T(q - q- L )a ±m Vl 




q ± v 


q T vi 


4>±{z) 


l — q~ 2 az 
^ 1 — az u 


— 1 1 — q 2 az 

q —r* — vi 

^ 1 — az 1 



Remark : in the table (^{z) E ^(sHI- 2 ^]] acts on V r [[z ± ]]. 

For a, b E C* , let V" = L(l-za),W = L{\-zb) E O in t(W g (fl)). Consider basis V = Cv ®Cvi, W = Cw © 
Cwi as in the previous table. The tensor product ®o defines an action of U' q {sl2) on AT = i(V) <8>c i(W) 
(see theorem 16. 71 . X is a 4 dimensional C-vector space of base {^o ® Wo, Wi <8> wo, i>q (8 wi, vi <E> Wi}. The 
action of U' q {sh) is given by (r E Z): 





v <8> wo 


® Wo 







a r (u ® Wo) 




u r & r («0 ® w x ) + Q^'^C-C^^i ® wo) 


w r 6 r (wi ® wi) 


0±(z) 


2 (l-g- 2 az)(l-«- 3 6uz) / „ s 


(l-^azXl-g-^fmz) / *>,,,. 1 


9 (l- a z)(l-6uz) l u O<»Woj 







1>0 ® Wi 


«1 ® Wi 




b r u r ^^(vo^wo) 


a r (w <8> wi) + & r u r g i!_ u6a -i (vi ® w ) 




r —ll — Q Z ua i b / \ 





0±(z) 


^azXl-g^buz) / 


„-2 (l-g^asHl-q^W) / 


(l-a Z )(l-6«z) l w 0«>WiJ 


9 (l-a 2 )(l-b« 2 ) (.«l<»^lj 
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Remark : in the table <j> \ z ) G W 9 (§)[[2: ± ]] acts on X[[z ± ]]. 

Consider the I- weights j a , j' a , 7b, l' b G P/ (the A G f)* can be omitted because s^2 is finite) 



7^) 



_l 1 — q 2 az 

1 — az 1 — az 1 — bz 



9—j — . 7a 0) 



± 1 - q 2 bz ,± _ 1 l-q 2 bz 

> % ( z ) = 1—, — r~ . 7 b (*) = 9 



1 -6z 

Consider also "/ a (z)"/b(uz), j' a (z)j b (uz), j a {z)Yb( uz ) , l' a { z )l'b( uz ) e P l,u- We see that : 

ch q . u (X) = e{j a (z)j b (uz)) + e(j' a (z)j b (uz)) + e(j a (z)j' b (uz)) + e{j a (z)-y' b (uz)) 
Those /,u-weights are distinct, the Z, it-weights spaces are 1 dimensional: 

X = (A a ) 7q(z ) 7(; („2) © (X) 7 ^( z ) 7!) („ z ) © (X) 7a ( z ) 7 / (uz) © (X) 7 /( Z ) 7 ^( U2 .) 

We see that X is of highest weight ^ a {z)^ b {uz) G P/ lU . Let us prove that it is simple : indeed X 
has no proper submodule : if for all r G Z, .x+.(a(«i ® u»o) + /3(uo © wi)) = 0, then for all r G Z, 
aa r +pb r u r ^f^£^ = 0. In particular Q+/3 1 ~^ a -i" = and a r -b r u r = for all r G Z, impossible. So 
X ~ L(7 a (z)7f,(uz)) as a ^(s^-niodule. It follows from proposition 16 . 1 51 that X — Uq(g).(vo ® wq) C X 
is a C[u ± ]-form of X. 

Let us look explicitly at this C[u ± ]-form : consider e\, e2, ea, e4 G X defined by: 

ei = «o ® wo , e 2 = .ei , 63 = —a~x^ .e\ + €2 , £4 = <7£q .62 
We have the following formulas: 

ei = v © w , e 2 = («o © toi) + g 1 - g — r~ (^1 ® w o) , e.3 = (1 - M&a _1 )(uo ® Wi) , e4 = («i © t«i) 

1 — a 1 ub 

Moreover the action of is given by (r G Z): 



4>H Z ) 



ei 



a r (e 2 



l-(a-^ub)'- © 



„2 (l~g az)(l-g btiz) ^ 
g (l-az)(l-imz) C1 



C2 



(g flr l ta-^Ib lbllaT 



-1 l-(a~ L ub) r ~ L \ 

l-q- 1 Mb ' )ei 



W ° 1-a-lub 



1 buCl l-a-^ub ) e 4 



(1 — q 2 az)(l — q ^b-uz) ~7~ az{q A —q z ) 

(l-az){l-buz) e2 (l-a2)(l-6u2) e3 





e3 


e4 




fe r u r <7 _1 (l - q 2 a~ 1 bu)ei 






a r q~ l (l - q 2 ua~ 1 b)e± 





0±(z) 


(l-q-^az)(l-q A buz) 


-2 (l-^azKl-^bu*) 


(l-az)(l-6«z) 3 


g (l-az)(l-6«z) e4 



In particular we see that C[u ± ]ei © C[u ± ]e2 © C[w ± ]e3 © C[w ± ]e4 is stable by the action of Ug(g), so is 
equal to X. So we have verified that X ~ X ©c[«±] C. 

Let us describe the specialization of X at u — 1 : let X' = Cei 



Ce2 



Ce4. The action of U q (g) 



on X' is given by (for z G C, r G Z, we denote [2] J. 



G Z[z ± ] (z ^ 1) and [1]; 





ei 


e2 







{qar[a- L b]' r+l - q- i ba r -'[ a -'b} , r _ 1 )e 1 




a r (e 2 - [a _1 6]^e 3 ) 


{q-'a r [a-'b\' r+1 - qba^^a-^^ 


0±(z) 


2(l-Q-*az)(l-q-*bz) 


(l-q £ az)(l-q- £ bz) az{q z -g" 2 ) 


g (l-az)(l-bz) ei 


(l-az)(l-bz) C ^ 1 (l-az)(l-bz) e 3 





e3 


e 4 




b^-^l -q A a- l b)ei 


6 r e 2 +a r [a- l b}' r e 3 




a m q- 1 {\ - q 2 a- Y b)e± 





^±(z) 


(l-q- A az)(l-q z bz) 


2(l-^a Z )(l- :! bz) 


{X-az)(l-bz} e3 


g (l-az)(l-bz) e 4 
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We see that X' = U q (g).ei. Moreover if ab 1 ^ {q 2 ,q 2 } : X' has no proper submodule because the 
formula x+ (ae-i + f3e^) = means that for all r G Z: 

a(qa r [a- 1 b] r+1 - q- 1 ba r - 1 [ a - 1 b] r ) + /?6 r g _1 (l - q 2 a - 1 b) = 

which is possible only if ab^ 1 G {q 2 , q~ 2 } or a = (3 = 0. So: 

if a& _1 ^ {q 2 ,q~ 2 }, X' ~ L( 7a7 b) is simple and : 

ch^VOch^WO = ch ? (l') = ch 9 (L( 7a7fc )) 

if afe" 1 = q 2 (resp. a^T 1 = q- 2 ), Ce 3 G X' (resp. C{{q 2 - l)e 2 + e 3 ) G X') is a submodule of X' 
isomorphic to L(l) and : 

ch q (V)ch q (W) = ch q (X') = ch g (L( 7a7b )) + ch g (L(l)) 
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